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 1. COMPUTATIONAL PLASMA PHYSICS 
@RUB
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COMPUTATIONAL PLASMA PHYSICS @ RUB
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✦Kinetic processes in space 
physics 

✦Semi-implicit Particle-In-Cell, 
HPC  

✦Advanced PIC methods: MLMD, 
Expanding Box semi-implicit PIC

M.E. Innocenti: mariaelena.innocenti@rub.de

✦(Hall-)MHD and fluid modeling 
✦Magnetic reconnection in space 
plasmas 

✦Mesh-adaptive computation, 
HPC code development

✦Robust structure-preserving PIC, 
explicit and implicit

✦HPC
✦Kinetic processes in fusion

Reconnection and turbulence 
Multiphysics simulations 
Coupling adaptively 2 fluid 5/ 10 
moment codes with Vlasov 
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 2. SPACE SIMULATIONS: 
SCALES & CHALLENGES
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NUMERICAL METHODS & SCALE SEPARATIONS IN SPACE PHYSICS
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λD.          Debye length 
re         electron gyroradius (:) 
de            electron skin depth 
ri              ion gyroradius (:) 
di             ion skin depth 
L         1 AU 

ωpe-1   electron plasma f -1 

ωpι-1      ion plasma f -1 

Ωe-1       electron gyro f-1 (:) 
Ωι-1      ion gyro f-1 (:) 
T         3 days

INTERPLANETARY SPACE

explicit 
PIC

Hybrid

MHD

~13m 150 106 km

~60µs

3 days
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ASSOCIATE NUMERICAL METHODS TO BOXES
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MagnetoHydroDynamics (MHD):  
✓ ions & electrons are simulated as fluid: kinetic 
processes must be negligible 
✓best suited for: global-scale processes 
✓low computational cost per unit volume (kinetic 
scales not resolved)

Hybrid:  
✓ions are simulated as particles, electrons are a 
massless fluid: plasma must be quasi-neutral, 
electron-scale kinetic processes must be 
negligible   
✓best suited for: ion scale processes 
✓moderate computational cost per unit volume 
(need to resolve smallest, fastest ion scales)

Explicit Particle in Cell, PIC:  
✓electrons and ions are simulated as particles: 
no assumptions on the state of the plasma 
✓best suited for: electron scale processes 
✓high computational cost per volume (need to 
resolve smallest, fastest electron scales)
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explicit 
PIC

Hybrid

MHD

~13m 150 106 km

~60µs

3 days

WHY SEMI-IMPLICIT PIC?

(Semi-)implicit 
PIC

(Semi-)Implicit PIC:  
✓electrons and ions are treated as particles: no 
assumptions on the state of the plasma  
✓can address either electron or ion scale 
processes, depending on resolution of choice 
✓lower computational cost than explicit PIC, if 
resolution is appropriately chosen (can step over 
the smallest, fastest electron scales) 
✓a word of caution: processes which are not 
resolved are captured qualitatively, not 
quantitatively



M.E. INNOCENTI | SEMI-IMPLICIT PARTICLE-IN-CELL METHODS

9

 3. PIC METHODS: A SUMMARY



M.E. INNOCENTI | SEMI-IMPLICIT PARTICLE-IN-CELL METHODS

10

FIELDS & PARTICLES IN PIC METHODS

Two main “systems”: fields and particles 

To advance fields (E & B) in time (field solver): 
Some combination of Maxwell’s equation

r ·E =
⇢

✏0

<latexit sha1_base64="MwjCfbFj3PCzqo9BjTQ/CB3GbHI="></latexit>

r⇥E = �@B

@t

<latexit sha1_base64="7xKoSZcuPjJ883yiSzprQk6TfQ0="></latexit>

r⇥B = µ0J+ µ0✏0
@E

@t

<latexit sha1_base64="K3vY19cAAngzOfVlliGNBYO1BQs="></latexit>

r ·B = 0

<latexit sha1_base64="nJr08hL86wj/ByNGHeXUk9HUHo0=">AAACA3icdVDLSgMxFM34rPU16k43wSK4GjJ9aRdCqRuXFewDOqVk0kwbmskMSUYoQ8GNv+LGhSJu/Ql3/o3pQ1DRAxcO59zLvff4MWdKI/RhLS2vrK6tZzaym1vbO7v23n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7ocuq3bqlULBI3ehzTbogHggWMYG2knn3oCexzDD3SjzT0QqyHfpDWJvAC9ewccpCLUKUMkeOW8qhYMaSACuVyAboOmiEHFqj37HevH5EkpEITjpXquCjW3RRLzQink6yXKBpjMsID2jFU4JCqbjr7YQJPjNKHQSRNCQ1n6veJFIdKjUPfdE6PVL+9qfiX10l0cN5NmYgTTQWZLwoSDnUEp4HAPpOUaD42BBPJzK2QDLHERJvYsiaEr0/h/6SZd9yiU7ou5qq1RRwZcASOwSlwwRmogitQBw1AwB14AE/g2bq3Hq0X63XeumQtZg7AD1hvnwkqlyY=</latexit>

To advance particle i in time (particle mover):  
Newton’s equations

density

current

dxi

dt
= vi

dvi

dt
=

qi
mi

(Ei + vi ⇥Bi)

<latexit sha1_base64="0eydyjShbEQz/C5RsP29H7MxiwU="></latexit>

fields at the particle position

Focus on particles

, : particle 
charge and mass
qi mi

Gauss

Faraday

Gauss for magn

Ampere

Fields live on a grid

Particles move in the continuum; they accumulate 
density and current to the grid; they require fields at 
particle position
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FROM PHYSICAL PARTICLES TO COMPUTATIONAL PARTICLES

How to reduce the computational cost of simulating real, physical particles?

r

v

r

v

physical particle

phase space computational 
particle

fs(x, v, t) =
X

p

fp(x, v, t)

<latexit sha1_base64="WMcRXe23ZBFioKdVbIGoxi4ldP8="></latexit>

fs(x, v, t)

<latexit sha1_base64="01Ko62snSdU4+6U4ohFaONJG+ts=">AAAB8XicdVDLSgMxFM3UV62vqks3wSJUKEOmL+2u6MZlBduK7VAyaaYNzWSGJFMsQ//CjQtF3Po37vwb04egogcuHM65l3vv8SLOlEbow0qtrK6tb6Q3M1vbO7t72f2DlgpjSWiThDyUtx5WlDNBm5ppTm8jSXHgcdr2Rpczvz2mUrFQ3OhJRN0ADwTzGcHaSHd+T+XvC+OCPu1lc8hGDkK1KkS2Uymics2QEipVqyXo2GiOHFii0cu+d/shiQMqNOFYqY6DIu0mWGpGOJ1murGiESYjPKAdQwUOqHKT+cVTeGKUPvRDaUpoOFe/TyQ4UGoSeKYzwHqofnsz8S+vE2v/3E2YiGJNBVks8mMOdQhn78M+k5RoPjEEE8nMrZAMscREm5AyJoSvT+H/pFW0nbJduS7n6hfLONLgCByDPHDAGaiDK9AATUCAAA/gCTxbynq0XqzXRWvKWs4cgh+w3j4B1ImQYw==</latexit>

“shape” of the computational particle: fp(x, v, t) = NpSx(x� xp(t))Sv(v � vp(t))

<latexit sha1_base64="M5n2fN/JVE/6IEsOvW8qyH2KULs="></latexit>

Shape functions in x & v# of real particles in the CP

In PIC we work with computational, super-particles, not with real particles
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SHAPE FUNCTIONS OF COMPUTATIONAL PARTICLES & THE GRID

Usual choices: 

1. For v: delta function:  

2. For x: b-splines: 

Sv (v − vp) = δ (v − vp)
Sx(x − xp) = bl ( x − xp

Δp )
l=0

l=1

l=2

Higher order splines: higher 
computational cost, smoother solution

support of the particle

b0(⇠) =

(
1 if |⇠| < 1/2

0 otherwise

<latexit sha1_base64="pfODmG/KEjzMwUoOz6HQzAmO0/s="></latexit>

bl(⇠) =

Z 1

�1
d⇠0b0(⇠ � ⇠0)bl�1(⇠

0)

<latexit sha1_base64="4Yw2c8ZSVsw8qIEJiktjEUrd97E="></latexit>

Particles with shape function S deposit moments to the grid 
through interpolation function W, the b-spline of one order 
higher

⇢i =
X

p

qp
�x

W (xi � xp)

<latexit sha1_base64="StN7SbI0qJ+xpUSoKUs4EOyEaiY="></latexit>

Example: density
continuum: @ grid points:⇢ =

X

s

⇢s = qs
X

p

NpSx(x� xp)

<latexit sha1_base64="xlAJS+Vt/JQ+FCWkfP6StqISBhI="></latexit>

Important for later!
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A CYCLE OF ANY PIC CODE

Fields Computational particles

Field solver: 
En

i , Bn
i → En+1

i , Bn+1
i

Field to particle, F2P,  
interpolation: 
E, B → Ei, Bi

Particle mover: 
xn

p, vn
p → xn+1

p , vn+1
p

Moment gathering, P2F: 
xp, vp → ρi, Ji

Moved in the 
continuum, 
Lagrangian 
framework

Calculated at 
grid points, 
Eulerian 
framework

⇢i =
X

p

qp
�x

W (xi � xp)

<latexit sha1_base64="StN7SbI0qJ+xpUSoKUs4EOyEaiY="></latexit>

Ep =
X

i

EiW (xi � xp)

<latexit sha1_base64="MIXTv6cAqHnXWAJybVzboU1ek5I="></latexit>

We know how to do the F2P and 
P2F steps, let’s look at temporal 
advancement for F and P
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4. TEMPORAL DISCRETIZATION OF ODE’S
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TEMPORAL DISCRETIZATION OF ORDINARY DIFFERENTIAL EQ., ODE

We want to solve the ODE: df(t)

dt
= G (f(t), t)

<latexit sha1_base64="6DxzS//XCxTqmWz1zbrk4vZqMVg="></latexit>

Discretization of the independent variable (time): step Δt, tn = t0 + n�t

<latexit sha1_base64="BmrPvBgb2k2uLxZjbJ/tNGQ/ktY=">AAAB/XicdVDLSgMxFM3Ud32Nj52bYBEEYci0tepCKOrCZQX7gLaUTJq2oZnMkNwRahF/xY0LRdz6H+78G9OHoKIHLpyccy+59wSxFAYI+XBSM7Nz8wuLS+nlldW1dXdjs2KiRDNeZpGMdC2ghkuheBkESF6LNadhIHk16J+P/OoN10ZE6hoGMW+GtKtERzAKVmq529BSpxhaBB8o3LjgEqh9uRniEZ+QkwImnn+YJfkTS3IkVyjksO+RMTJoilLLfW+0I5aEXAGT1Ji6T2JoDqkGwSS/SzcSw2PK+rTL65YqGnLTHI63v8N7VmnjTqRtKcBj9fvEkIbGDMLAdoYUeua3NxL/8uoJdI6bQ6HiBLhik486icQQ4VEUuC00ZyAHllCmhd0Vsx7VlIENLG1D+LoU/08qWc/Pe4dX+UzxbBrHItpBu2gf+egIFdElKqEyYugWPaAn9OzcO4/Oi/M6aU0505kt9APO2yeQxZQJ</latexit>

Evaluation of the function at discrete times: fn := f(tn) = f(t0 + n�t)

<latexit sha1_base64="Vlq9nKlXEzoEpBxqCTraAR4YnOk="></latexit>

To step from time n to time n+1: fn+1 = fn +

Z tn+1

tn

G(f(t), t)dt

<latexit sha1_base64="/3TbaoJYHrA5B2Ttm2Peip4aCrA="></latexit>

:=I

Z tn+1

tn

df(t) =

Z tn+1

tn

G(f(t), t)dt

<latexit sha1_base64="509+bGMJukuVdTlosPqWd47Rp9Y="></latexit>

Now we have to choose which method to use to calculate I: 

•Explicit discretization, forward Euler 

• Implicit discretization, backward Euler 

•θ, trapezoidal, Crank-Nicholson
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EXPLICIT vs IMPLICIT DISCRETIZATION

✓Explicit discretization: I =

Z tn+1

tn

G(f(t), t)dt = �tG(fn, tn) +O
�
�t2

�

<latexit sha1_base64="BFD+53GLJraq0NkjrzGf51P8V5s="></latexit>

Local integration error

Error to integrate up to time T=nΔt (global error): T/�t⇥O
�
�t2

�
= O (�t)

<latexit sha1_base64="PMbBgAaDNBQGvSIS4UriBaJExBk="></latexit>

fn+1 = fn +�tG(fn, tn)

<latexit sha1_base64="3Sw9wQEwATJDiMB9BPl0lFHHrNo="></latexit>

✓Implicit discretization: fn+1 = fn +�tG(fn+1, tn+1)

<latexit sha1_base64="wu7sfy0RM2k5KykQRhh34l3Z5Hs="></latexit>

First order accurate,  
system energy tends to increase

Then the eq has to be recast as: fn+1 = H(fn, tn)

<latexit sha1_base64="5u1mPYhnfpsLPDbPWNON+hGSBUs=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVQlCHTl3YhFN10WcFaoZYhk2ba0ExmSDJCHYq/4saFIm79D3f+jelDUNEDFw7n3Mu99/gxZ0oj9GHNzM7NLyxmlrLLK6tr6/bG5pWKEklog0Q8ktc+VpQzQRuaaU6vY0lx6HPa9PvnI795S6VikbjUg5i2Q9wVLGAEayN59nbgpeLQHZ7C2n7giSOoPXHg2TnkIBehShkixy3lUbFiSAEVyuUCdB00Rg5MUffs95tORJKQCk04Vqrloli3Uyw1I5wOszeJojEmfdylLUMFDqlqp+Prh3DPKB0YRNKU0HCsfp9IcajUIPRNZ4h1T/32RuJfXivRwUk7ZSJONBVksihIONQRHEUBO0xSovnAEEwkM7dC0sMSE20Cy5oQvj6F/5OrvOMWndJFMVc9m8aRATtgF+wDFxyDKqiBOmgAAu7AA3gCz9a99Wi9WK+T1hlrOrMFfsB6+wRv05Py</latexit>

First order accurate,  
System energy tends to decrease



M.E. INNOCENTI | SEMI-IMPLICIT PARTICLE-IN-CELL METHODS

17

Θ-, TRAPEZOIDAL AND CRANK-NICHOLSON METHODS

✓θ-methods: continuous transition between forward and backward Euler

•θ=0 → forward Euler, O(Δt) 
•θ=1 → backward Euler, O(Δt) 
•θ=1/2 → trapezoidal method, O(Δt2)

Crank-Nicholson: fn+1 = fn +�tG

✓
fn + fn+1

2
,
tn + tn+1

2

◆

<latexit sha1_base64="W2Cikwi2f/cCbDgizbIgKnx9WEU="></latexit>

With θ=1/2, second order accurate

θ-schemes with θ=1/2 and C-N are the same for linear G’s

fn+1 = fn +�t [(1� ✓)G(fn, tn) + ✓G(fn+1, tn+1)]

<latexit sha1_base64="JYYHysO8L1w18n7OSMe+gSFp/yo="></latexit>
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EXAMPLE: HARMONIC OSCILLATOR

Harmonic oscillator, with coordinates p and q
q0(t) = !p(t)

p0(t) = �!q(t)

<latexit sha1_base64="Ad2zTPD+MIyaEeK+QYcgs8/5QuE="></latexit>

✓Explicit discretization

qn+1 = qn + !�tpn

pn+1 = pn � !�tqn

<latexit sha1_base64="8+WKDplvNC6J+/RBzowAds+U5W8="></latexit>

Stability analysis: always unstable

✓Implicit discretization

qn+1 = qn + !�tpn+1

pn+1 = pn � !�tqn+1

<latexit sha1_base64="gW9SkEWlsWwt+AW42DH8ZAVbTiY="></latexit>


qn+1

pn+1

�
=

1

1 + !2�t2


1 !�t

�!�t 1

� 
qn
pn

�
= M


qn
pn

�

<latexit sha1_base64="yz2AASopLKwzL3XgVmqAoXVrs+0="></latexit>

Stability analysis: always stable

✓Trapezoidal discretization, θ=1/2

|�1,2| =
q

<(�1,2)2 + =(�1,2)2 =
p

1 + (!�t)2 > 1

<latexit sha1_base64="vE+mrsGrwc11ksH269XcmGNy8Wg="></latexit>

|�1,2| < 1

<latexit sha1_base64="Dzjytan94frFizGXyio1yhEF3Vc=">AAAB/XicdVBJSwMxGM241rqNy81LsAgeZMh004KHohePFewC7TBkMmkbmllIMkKdFv+KFw+KePV/ePPfmC6Cij4IPN57H9+X58WcSYXQh7GwuLS8sppZy65vbG5tmzu7DRklgtA6iXgkWh6WlLOQ1hVTnLZiQXHgcdr0BpcTv3lLhWRReKOGMXUC3AtZlxGstOSa+yPY4TruYze1T/LjETyHtmvmkIVshCpliCy7lEfFiiYFVCiXC9C20BQ5MEfNNd87fkSSgIaKcCxl20axclIsFCOcjrOdRNIYkwHu0bamIQ6odNLp9WN4pBUfdiOhX6jgVP0+keJAymHg6WSAVV/+9ibiX147Ud0zJ2VhnCgaktmibsKhiuCkCugzQYniQ00wEUzfCkkfC0yULiyrS/j6KfyfNPKWXbRK18Vc9WJeRwYcgENwDGxwCqrgCtRAHRBwBx7AE3g27o1H48V4nUUXjPnMHvgB4+0TtoeUHQ==</latexit>

qn+1 = qn +
!�t

2
(pn + pn+1)

pn+1 = pn � !�t

2
(qn + qn+1)

<latexit sha1_base64="iaWD+pppe0c2sSPkz4MeJN8MLFc="></latexit>


qn+1

pn+1

�
=

1

1 +

✓
!�t

2

◆2

2

664
1�

✓
!�t

2

◆2

!�t

�!�t 1�
✓
!�t

2

◆2

3

775


qn
pn

�
= M


qn
pn

�

<latexit sha1_base64="PfiDU+Hge7xa1p1+iEEmk3uWdYA="></latexit>

Stability analysis:
|�1,2| = 1

<latexit sha1_base64="udK1xR5ziyFwNkw+tBgJ5ewt240=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgQoakL+1CKLpxWcE+oC0lk6ZtaOZBkhGGaf0VNy4UceuHuPNvTB+Cih4IHM45l3tz3FBwpRH6sFIrq2vrG+nNzNb2zu6evX/QUEEkKavTQASy5RLFBPdZXXMtWCuUjHiuYE13fDXzm3dMKh74tzoOWdcjQ58POCXaSD07O4EdYeJ90kvwaX46gRe4Z+eQgzBClTJEDi7lUbFiSAEVyuUCxA6aIweWqPXs904/oJHHfE0FUaqNUai7CZGaU8GmmU6kWEjomAxZ21CfeEx1k/nxU3hslD4cBNI8X8O5+n0iIZ5SseeapEf0SP32ZuJfXjvSg/Nuwv0w0syni0WDSEAdwFkTsM8lo1rEhhAqubkV0hGRhGrTV8aU8PVT+D9p5B1cdEo3xVz1cllHGhyCI3ACMDgDVXANaqAOKIjBA3gCz9a99Wi9WK+LaMpazmTBD1hvn1wuk/Q=</latexit>

Stability analysis: system eigenvalues!
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Q: DISCRETIZATION OF HARMONIC OSCILLATOR EQUATIONS 

The three plots depict the evolution of the harmonic oscillator equations with 
ω=1, Δt= 0.25 for explicit, implicit and trapezoidal discretization. Associate the 
plots to the discretization

(a) (b) (c)
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Q: DISCRETIZATION OF HARMONIC OSCILLATOR EQUATIONS 

The three plots depict the evolution of the harmonic oscillator equations with 
ω=1, Δt= 0.25 for explicit, implicit and trapezoidal discretization. Associate the 
plots to the discretization

(a) Implicit (b) Trapezoidal, θ=1/2 (c) Explicit

Advantage of evaluating the RHS at an intermediate time step
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5. PIC METHODS & TEMPORAL 
DISCRETIZATION
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TEMPORAL DISCRETIZATION IN PIC METHODS

Fields Computational particles

Field solver: 
En

i , Bn
i → En+1

i , Bn+1
i

Field to particle, F2P,  
interpolation: 
E, B → Ei, Bi

Particle mover: 
xn

p, vn
p → xn+1

p , vn+1
p

Moment gathering: 
xp, vp → ρi, Ji

Now we know the advantages of evaluating the RHS at an intermediate time step → let's see how it 
works out for PIC codes, for the coupled fields + particles system

Where we were…
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TEMPORAL DISCRETIZATION IN PIC METHODS

Fields Computational particles

Field solver:

Field to particle, F2P,  
interpolation

Particle mover:

Moment gathering

Let’s change/ simplify the notation:

F: fields 
P: particles 
M: moments 
τ> 0

Fn+1
i = Fn

i + Δt f(Mi
n+τ)

Fn+1 = f(Mn+τ)

Pn+1
i = Pn

i + Δt g(Fn+τ
i )

Pn+1 = g(Fn+τ)

Coupling between fields and particles!!!
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EXPLICIT, SEMI-IMPLICIT AND IMPLICIT PIC CODES
Fn+1 = f(Mn+τ) Pn+1 = g(Fn+τ)

Explicit Semi-implicit Fully implicit

Hockney Eastwood 1990, 
Birdsall 2004

Fn+1 = f(Mn)

Pn+1 = g(Fn)

<latexit sha1_base64="SiXh3rYVL2hcLxfw5WHPgETeGsc="></latexit>

Stability constraints

c�t < �x

�t ⇠ !�1
pe

�x ⇠ �D

<latexit sha1_base64="KLGV8PfLpAnCFkgT1HpSai8lfMo="></latexit>

Debye length

Direct Implicit 
Cohen, 1989, Friedman, 1990, Hewett and 

Langdon, 1987, Tanaka, 1988, Gibbons 
and Hewitt, 1995 

Implicit Moment Method 
Mason 1987, Vu and Brackbill 1992,  

Lapenta 2006 
Energy Conserving SI 

Lapenta 2017

Fn+1 = f(M̃n+⌧ )

Pn+1 = g(Fn+1)

<latexit sha1_base64="kSD+76jnu1N8tQ+eCgJYINUr8j0="></latexit>

Stability constraints
✏ < vth,e

�t

�x
< 1

<latexit sha1_base64="JWuiI8DVR4krsptcqytLIkIv6d4="></latexit>

Electron thermal velocity 

Fn+1 = f(Mn+1)

Pn+1 = g(Fn+1)

<latexit sha1_base64="K+MKxTvY01/UXntZ+i/za59fQVI="></latexit>

Solved together, 
Size: particle #

Chen Chacon 2011, Markidis 
Lapenta 2011

Stability constraints 

Effectively removed
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Q: DISCRETIZATION AND EVOLUTION OF PARTICLE DISTRIBUTION FUNC.

Assume that the red curve is the electron velocity distribution function of a 
system at initialization. The same system is then evolved with either an 
explicit or (semi)-implicit PIC code, neither of them energy conserving. 
Associate the plot with the discretization

t0 tn

v

f(v)
t0 tn

v

f(v)

(a) (b)
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Q: DISCRETIZATION AND EVOLUTION OF PARTICLE DISTRIBUTION FUNC.

Assume that the red curve is the electron velocity distribution function of a 
system at initialization. The same system is then evolved with either an 
explicit or (semi)-implicit PIC code, neither of them energy conserving. 
Associate the plot with the discretization

t0 tn
f(v)

t0 tn
f(v)

(a) implicit (b) explicit

v v

heating/ cooling can be controlled with the choice of Δt/ θ; in explicit PIC 
we expect numerical heating, in implicit numerical cooling 

If energy conservation is an issue -> energy conserving PICs
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6. AN EXAMPLE OF SEMI-IMPLICIT 
DISCRETIZATION:  

THE IMPLICIT MOMENT METHOD



M.E. INNOCENTI | SEMI-IMPLICIT PARTICLE-IN-CELL METHODS

28

THE IMPLICIT MOMENT METHOD

The Implicit Moment Method (Vu & Brackbill, 1982; Lapenta 2006) is an example of semi-implicit 
method. The stability constraint of explicit PIC codes is relaxed, at the price of moderately higher 
algorithmic complexity

Steps to derive the IMM 

1. Semi- implicit discretisation of particle motion 

2. Derivation of the equation for En+θ, with particle sources at time n+θ  

3. Approximation of particle sources 

4. Derivation of the equation for En+θ, with approximated particle sources

The IMM is implemented in the C++, MPI code iPic3D [Markidis et al, 2010]
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IMM: SEMI-IMPLICIT DISCRETIZATION OF PARTICLE MOTION/ 1

Discretisation of Newton’s equations (Predictor- Corrector Crank Nicholson):

xn+1
p = xn

p + v̄p�t
<latexit sha1_base64="uKkWnjfD+N3Ot4YwhHu5WUtZ/3o=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIQqHMiGA3QlEXLivYC3RqyaSZNjSTGZIzxTLM+7jxVVzowgtufQ/Ti6CtBwI/338OOef3IsE12Pa7lVlaXlldy67nNja3tnfyu3t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gcuw3hkxpHspbGEWsHZCe5D6nBAzq5C/cgEDf85P7tBPdJbLopOd4jqW4iF2PqOSHD1NjYPeKCSAYOvmCXbInhReFMxMFNKtqJ//sdkMaB0wCFUTrlmNH0E6IAk4FS3NurFlE6ID0WMtISQKm28nk1hQfGdLFfqjMk4An9PdEQgKtR4FnOsfb6nlvDP/zWjH45XbCZRQDk3T6kR8LDCEeB4e7XDEKYmQEoYqbXTHtE0UomHhzJgRn/uRFUT8pOXbJuTktVMqzOLLoAB2iY+SgM1RB16iKaoiiB/SEXtGb9Wi9WB/W57Q1Y81m9tGfsr6+Ab/JqIk=</latexit><latexit sha1_base64="uKkWnjfD+N3Ot4YwhHu5WUtZ/3o=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIQqHMiGA3QlEXLivYC3RqyaSZNjSTGZIzxTLM+7jxVVzowgtufQ/Ti6CtBwI/338OOef3IsE12Pa7lVlaXlldy67nNja3tnfyu3t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gcuw3hkxpHspbGEWsHZCe5D6nBAzq5C/cgEDf85P7tBPdJbLopOd4jqW4iF2PqOSHD1NjYPeKCSAYOvmCXbInhReFMxMFNKtqJ//sdkMaB0wCFUTrlmNH0E6IAk4FS3NurFlE6ID0WMtISQKm28nk1hQfGdLFfqjMk4An9PdEQgKtR4FnOsfb6nlvDP/zWjH45XbCZRQDk3T6kR8LDCEeB4e7XDEKYmQEoYqbXTHtE0UomHhzJgRn/uRFUT8pOXbJuTktVMqzOLLoAB2iY+SgM1RB16iKaoiiB/SEXtGb9Wi9WB/W57Q1Y81m9tGfsr6+Ab/JqIk=</latexit><latexit sha1_base64="uKkWnjfD+N3Ot4YwhHu5WUtZ/3o=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIQqHMiGA3QlEXLivYC3RqyaSZNjSTGZIzxTLM+7jxVVzowgtufQ/Ti6CtBwI/338OOef3IsE12Pa7lVlaXlldy67nNja3tnfyu3t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gcuw3hkxpHspbGEWsHZCe5D6nBAzq5C/cgEDf85P7tBPdJbLopOd4jqW4iF2PqOSHD1NjYPeKCSAYOvmCXbInhReFMxMFNKtqJ//sdkMaB0wCFUTrlmNH0E6IAk4FS3NurFlE6ID0WMtISQKm28nk1hQfGdLFfqjMk4An9PdEQgKtR4FnOsfb6nlvDP/zWjH45XbCZRQDk3T6kR8LDCEeB4e7XDEKYmQEoYqbXTHtE0UomHhzJgRn/uRFUT8pOXbJuTktVMqzOLLoAB2iY+SgM1RB16iKaoiiB/SEXtGb9Wi9WB/W57Q1Y81m9tGfsr6+Ab/JqIk=</latexit><latexit sha1_base64="uKkWnjfD+N3Ot4YwhHu5WUtZ/3o=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIQqHMiGA3QlEXLivYC3RqyaSZNjSTGZIzxTLM+7jxVVzowgtufQ/Ti6CtBwI/338OOef3IsE12Pa7lVlaXlldy67nNja3tnfyu3t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gcuw3hkxpHspbGEWsHZCe5D6nBAzq5C/cgEDf85P7tBPdJbLopOd4jqW4iF2PqOSHD1NjYPeKCSAYOvmCXbInhReFMxMFNKtqJ//sdkMaB0wCFUTrlmNH0E6IAk4FS3NurFlE6ID0WMtISQKm28nk1hQfGdLFfqjMk4An9PdEQgKtR4FnOsfb6nlvDP/zWjH45XbCZRQDk3T6kR8LDCEeB4e7XDEKYmQEoYqbXTHtE0UomHhzJgRn/uRFUT8pOXbJuTktVMqzOLLoAB2iY+SgM1RB16iKaoiiB/SEXtGb9Wi9WB/W57Q1Y81m9tGfsr6+Ab/JqIk=</latexit>

vn+1
p = vn

p +
qp�t

mp

✓
En+✓

p (x̄p) +
v̄p ⇥Bn

p (x̄p)

c

◆

<latexit sha1_base64="FO3OC/8zZiXuFu66XRddTXp/eBE="></latexit><latexit sha1_base64="FO3OC/8zZiXuFu66XRddTXp/eBE="></latexit><latexit sha1_base64="FO3OC/8zZiXuFu66XRddTXp/eBE="></latexit><latexit sha1_base64="FO3OC/8zZiXuFu66XRddTXp/eBE="></latexit>

= @ future time,  
unknown by now

fields interpolated at 
intermediate (unknown) 
particle position

(1)

(2)

v̄p
<latexit sha1_base64="tGFPuakB1bBr0OPYvkJQjmPZTTo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigl0W3LisYB/QhDCZTtqhk0mYmRRKKPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOWHKmdKO821VNja3tnequ7W9/YPDI/v4pKuSTBLaIQlPZD/EinImaEczzWk/lRTHIae9cHJX+L0plYol4lHPUurHeCRYxAjWRgrsM+SFWOZejPU4jPLpfB6kCAV23Wk4C6B14pakDiXagf3lDROSxVRowrFSA9dJtZ9jqRnhdF7zMkVTTCZ4RAeGChxT5eeL+HN0aZQhihJpntBoof7eyHGs1CwOzWQRU616hfifN8h01PRzJtJMU0GWh6KMI52gogs0ZJISzWeGYCKZyYrIGEtMtGmsZkpwV7+8TrrXDddpuA839VazrKMK53ABV+DCLbTgHtrQAQI5PMMrvFlP1ov1bn0sRytWuXMKf2B9/gDoL5Vn</latexit><latexit sha1_base64="tGFPuakB1bBr0OPYvkJQjmPZTTo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigl0W3LisYB/QhDCZTtqhk0mYmRRKKPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOWHKmdKO821VNja3tnequ7W9/YPDI/v4pKuSTBLaIQlPZD/EinImaEczzWk/lRTHIae9cHJX+L0plYol4lHPUurHeCRYxAjWRgrsM+SFWOZejPU4jPLpfB6kCAV23Wk4C6B14pakDiXagf3lDROSxVRowrFSA9dJtZ9jqRnhdF7zMkVTTCZ4RAeGChxT5eeL+HN0aZQhihJpntBoof7eyHGs1CwOzWQRU616hfifN8h01PRzJtJMU0GWh6KMI52gogs0ZJISzWeGYCKZyYrIGEtMtGmsZkpwV7+8TrrXDddpuA839VazrKMK53ABV+DCLbTgHtrQAQI5PMMrvFlP1ov1bn0sRytWuXMKf2B9/gDoL5Vn</latexit><latexit sha1_base64="tGFPuakB1bBr0OPYvkJQjmPZTTo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigl0W3LisYB/QhDCZTtqhk0mYmRRKKPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOWHKmdKO821VNja3tnequ7W9/YPDI/v4pKuSTBLaIQlPZD/EinImaEczzWk/lRTHIae9cHJX+L0plYol4lHPUurHeCRYxAjWRgrsM+SFWOZejPU4jPLpfB6kCAV23Wk4C6B14pakDiXagf3lDROSxVRowrFSA9dJtZ9jqRnhdF7zMkVTTCZ4RAeGChxT5eeL+HN0aZQhihJpntBoof7eyHGs1CwOzWQRU616hfifN8h01PRzJtJMU0GWh6KMI52gogs0ZJISzWeGYCKZyYrIGEtMtGmsZkpwV7+8TrrXDddpuA839VazrKMK53ABV+DCLbTgHtrQAQI5PMMrvFlP1ov1bn0sRytWuXMKf2B9/gDoL5Vn</latexit><latexit sha1_base64="tGFPuakB1bBr0OPYvkJQjmPZTTo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigl0W3LisYB/QhDCZTtqhk0mYmRRKKPgrblwo4tbvcOffOGmz0NYDA4dz7uWeOWHKmdKO821VNja3tnequ7W9/YPDI/v4pKuSTBLaIQlPZD/EinImaEczzWk/lRTHIae9cHJX+L0plYol4lHPUurHeCRYxAjWRgrsM+SFWOZejPU4jPLpfB6kCAV23Wk4C6B14pakDiXagf3lDROSxVRowrFSA9dJtZ9jqRnhdF7zMkVTTCZ4RAeGChxT5eeL+HN0aZQhihJpntBoof7eyHGs1CwOzWQRU616hfifN8h01PRzJtJMU0GWh6KMI52gogs0ZJISzWeGYCKZyYrIGEtMtGmsZkpwV7+8TrrXDddpuA839VazrKMK53ABV+DCLbTgHtrQAQI5PMMrvFlP1ov1bn0sRytWuXMKf2B9/gDoL5Vn</latexit>

x̄p
<latexit sha1_base64="ueWZhb7z87/JEjT9pgRlWxi5pTI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigl0W3LisYB/QhjCZTtqhk0mYmYglBPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnH+bYqa+sbm1vV7drO7t7+gX141FVxKgntkJjHsh9gRTkTtKOZ5rSfSIqjgNNeML0p/N4DlYrF4l7PEupFeCxYyAjWRvLtEzQMsMyGEdaTIMwe89xPEPLtutNw5kCrxC1JHUq0fftrOIpJGlGhCcdKDVwn0V6GpWaE07w2TBVNMJniMR0YKnBElZfN4+fo3CgjFMbSPKHRXP29keFIqVkUmMkiplr2CvE/b5DqsOllTCSppoIsDoUpRzpGRRdoxCQlms8MwUQykxWRCZaYaNNYzZTgLn95lXQvG67TcO+u6q1mWUcVTuEMLsCFa2jBLbShAwQyeIZXeLOerBfr3fpYjFascucY/sD6/AHrQ5Vp</latexit><latexit sha1_base64="ueWZhb7z87/JEjT9pgRlWxi5pTI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigl0W3LisYB/QhjCZTtqhk0mYmYglBPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnH+bYqa+sbm1vV7drO7t7+gX141FVxKgntkJjHsh9gRTkTtKOZ5rSfSIqjgNNeML0p/N4DlYrF4l7PEupFeCxYyAjWRvLtEzQMsMyGEdaTIMwe89xPEPLtutNw5kCrxC1JHUq0fftrOIpJGlGhCcdKDVwn0V6GpWaE07w2TBVNMJniMR0YKnBElZfN4+fo3CgjFMbSPKHRXP29keFIqVkUmMkiplr2CvE/b5DqsOllTCSppoIsDoUpRzpGRRdoxCQlms8MwUQykxWRCZaYaNNYzZTgLn95lXQvG67TcO+u6q1mWUcVTuEMLsCFa2jBLbShAwQyeIZXeLOerBfr3fpYjFascucY/sD6/AHrQ5Vp</latexit><latexit sha1_base64="ueWZhb7z87/JEjT9pgRlWxi5pTI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigl0W3LisYB/QhjCZTtqhk0mYmYglBPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnH+bYqa+sbm1vV7drO7t7+gX141FVxKgntkJjHsh9gRTkTtKOZ5rSfSIqjgNNeML0p/N4DlYrF4l7PEupFeCxYyAjWRvLtEzQMsMyGEdaTIMwe89xPEPLtutNw5kCrxC1JHUq0fftrOIpJGlGhCcdKDVwn0V6GpWaE07w2TBVNMJniMR0YKnBElZfN4+fo3CgjFMbSPKHRXP29keFIqVkUmMkiplr2CvE/b5DqsOllTCSppoIsDoUpRzpGRRdoxCQlms8MwUQykxWRCZaYaNNYzZTgLn95lXQvG67TcO+u6q1mWUcVTuEMLsCFa2jBLbShAwQyeIZXeLOerBfr3fpYjFascucY/sD6/AHrQ5Vp</latexit><latexit sha1_base64="ueWZhb7z87/JEjT9pgRlWxi5pTI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigl0W3LisYB/QhjCZTtqhk0mYmYglBPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnH+bYqa+sbm1vV7drO7t7+gX141FVxKgntkJjHsh9gRTkTtKOZ5rSfSIqjgNNeML0p/N4DlYrF4l7PEupFeCxYyAjWRvLtEzQMsMyGEdaTIMwe89xPEPLtutNw5kCrxC1JHUq0fftrOIpJGlGhCcdKDVwn0V6GpWaE07w2TBVNMJniMR0YKnBElZfN4+fo3CgjFMbSPKHRXP29keFIqVkUmMkiplr2CvE/b5DqsOllTCSppoIsDoUpRzpGRRdoxCQlms8MwUQykxWRCZaYaNNYzZTgLn95lXQvG67TcO+u6q1mWUcVTuEMLsCFa2jBLbShAwQyeIZXeLOerBfr3fpYjFascucY/sD6/AHrQ5Vp</latexit>

intermediate position: position at time n+1/2 
intermediate velocity: velocity at time n+1/2 

v̄p =
vn+1
p + vn

p

2
<latexit sha1_base64="wo0MANDWOmNynNdiz1cHNhMEn5c=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCUCgzRbAboSCIywr2Ap1xyKSZNjSTGZJMoYR5Ize+Sjciirj1LUwvoLb+EPj5zjnknD9MGZXKcV6ttfWNza3twk5xd2//4NA+Om7JJBOYNHHCEtEJkSSMctJUVDHSSQVBcchIOxzeTOvtERGSJvxBjVPix6jPaUQxUgYF9q0XIqG9GKlBGOlRngcpvIZeJBDW8AcH6aPmZTeHZbhM81xX88AuORVnJrhq3IUpgYUagT3xegnOYsIVZkjKruukytdIKIoZyYteJkmK8BD1SddYjmIifT27N4fnhvRglAjzuIIz+ntCo1jKcRyazumucrk2hf/VupmKar6mPM0U4Xj+UZQxqBI4DQ/2qCBYsbExCAtqdoV4gExWykRcNCG4yyevmla14joV9/6yVK8t4iiAU3AGLoALrkAd3IEGaAIMnsAEvIF369l6sT6sz3nrmrWYOQF/ZH19A/GZqi0=</latexit><latexit sha1_base64="wo0MANDWOmNynNdiz1cHNhMEn5c=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCUCgzRbAboSCIywr2Ap1xyKSZNjSTGZJMoYR5Ize+Sjciirj1LUwvoLb+EPj5zjnknD9MGZXKcV6ttfWNza3twk5xd2//4NA+Om7JJBOYNHHCEtEJkSSMctJUVDHSSQVBcchIOxzeTOvtERGSJvxBjVPix6jPaUQxUgYF9q0XIqG9GKlBGOlRngcpvIZeJBDW8AcH6aPmZTeHZbhM81xX88AuORVnJrhq3IUpgYUagT3xegnOYsIVZkjKruukytdIKIoZyYteJkmK8BD1SddYjmIifT27N4fnhvRglAjzuIIz+ntCo1jKcRyazumucrk2hf/VupmKar6mPM0U4Xj+UZQxqBI4DQ/2qCBYsbExCAtqdoV4gExWykRcNCG4yyevmla14joV9/6yVK8t4iiAU3AGLoALrkAd3IEGaAIMnsAEvIF369l6sT6sz3nrmrWYOQF/ZH19A/GZqi0=</latexit><latexit sha1_base64="wo0MANDWOmNynNdiz1cHNhMEn5c=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCUCgzRbAboSCIywr2Ap1xyKSZNjSTGZJMoYR5Ize+Sjciirj1LUwvoLb+EPj5zjnknD9MGZXKcV6ttfWNza3twk5xd2//4NA+Om7JJBOYNHHCEtEJkSSMctJUVDHSSQVBcchIOxzeTOvtERGSJvxBjVPix6jPaUQxUgYF9q0XIqG9GKlBGOlRngcpvIZeJBDW8AcH6aPmZTeHZbhM81xX88AuORVnJrhq3IUpgYUagT3xegnOYsIVZkjKruukytdIKIoZyYteJkmK8BD1SddYjmIifT27N4fnhvRglAjzuIIz+ntCo1jKcRyazumucrk2hf/VupmKar6mPM0U4Xj+UZQxqBI4DQ/2qCBYsbExCAtqdoV4gExWykRcNCG4yyevmla14joV9/6yVK8t4iiAU3AGLoALrkAd3IEGaAIMnsAEvIF369l6sT6sz3nrmrWYOQF/ZH19A/GZqi0=</latexit><latexit sha1_base64="wo0MANDWOmNynNdiz1cHNhMEn5c=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyyCUCgzRbAboSCIywr2Ap1xyKSZNjSTGZJMoYR5Ize+Sjciirj1LUwvoLb+EPj5zjnknD9MGZXKcV6ttfWNza3twk5xd2//4NA+Om7JJBOYNHHCEtEJkSSMctJUVDHSSQVBcchIOxzeTOvtERGSJvxBjVPix6jPaUQxUgYF9q0XIqG9GKlBGOlRngcpvIZeJBDW8AcH6aPmZTeHZbhM81xX88AuORVnJrhq3IUpgYUagT3xegnOYsIVZkjKruukytdIKIoZyYteJkmK8BD1SddYjmIifT27N4fnhvRglAjzuIIz+ntCo1jKcRyazumucrk2hf/VupmKar6mPM0U4Xj+UZQxqBI4DQ/2qCBYsbExCAtqdoV4gExWykRcNCG4yyevmla14joV9/6yVK8t4iiAU3AGLoALrkAd3IEGaAIMnsAEvIF369l6sT6sz3nrmrWYOQF/ZH19A/GZqi0=</latexit>

Inserting (2) into (3)

v̄p = vn
p +

qp�t

2mp

✓
En+✓

p +
v̄p ⇥Bn

p

c

◆

<latexit sha1_base64="4BDqK/3RJ2TkRenPwCHjImjjybA="></latexit><latexit sha1_base64="4BDqK/3RJ2TkRenPwCHjImjjybA="></latexit><latexit sha1_base64="4BDqK/3RJ2TkRenPwCHjImjjybA="></latexit><latexit sha1_base64="4BDqK/3RJ2TkRenPwCHjImjjybA="></latexit>

(3)

(4)

By taking (4) x Bpn and using the vector identity (5):
�
v̄p ⇥Bn

p

�
⇥Bn

p = �v̄p

��Bn
p

��2 +
�
v̄p ·Bn

p

�
·Bn

p
<latexit sha1_base64="SJaQ1b70C9EVVzVrkU+XWg77ark="></latexit><latexit sha1_base64="SJaQ1b70C9EVVzVrkU+XWg77ark="></latexit><latexit sha1_base64="SJaQ1b70C9EVVzVrkU+XWg77ark="></latexit><latexit sha1_base64="SJaQ1b70C9EVVzVrkU+XWg77ark="></latexit>

(5)
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IMM: SEMI-IMPLICIT DISCRETIZATION OF PARTICLE MOTION/ 2
we get

v̄p ⇥Bn
p = vn

p ⇥Bn
p +

qp�t

2mp

�
En+✓

p ⇥Bn
p+ +

�
v̄p ·Bn

p

�

c
·Bn

p �
v̄p

��Bn
p

��2

c

!

<latexit sha1_base64="RC9uWIq8EpDOHaWVCttlGO99EyM="></latexit><latexit sha1_base64="RC9uWIq8EpDOHaWVCttlGO99EyM="></latexit><latexit sha1_base64="RC9uWIq8EpDOHaWVCttlGO99EyM="></latexit><latexit sha1_base64="RC9uWIq8EpDOHaWVCttlGO99EyM="></latexit>

(6)

Computing   from (4)(v̄p ⋅ Bn
p)

(7)

v̄p ⇥Bn
p = vn

p ⇥Bn
p +

qp�t

2mp

✓
En+✓

p ⇥Bn
p +

vn
p ·Bn

p

c
·Bn

p+

+
qp�t

2mpc

�
En+✓

p ·Bn
p

�
·Bn

p �
v̄p

��Bn
p

��2

c

!

<latexit sha1_base64="BvR1OGEzJNiJcmw1JkD+6hVSeBw="></latexit><latexit sha1_base64="BvR1OGEzJNiJcmw1JkD+6hVSeBw="></latexit><latexit sha1_base64="BvR1OGEzJNiJcmw1JkD+6hVSeBw="></latexit><latexit sha1_base64="BvR1OGEzJNiJcmw1JkD+6hVSeBw="></latexit>

and inserting it into (4), defining  as   v̂p

v̂p = vn
p +

qp�t

2mp
En+✓

p
<latexit sha1_base64="YoMFs7yCZz17hdKBdeat/O3RPV8="></latexit><latexit sha1_base64="YoMFs7yCZz17hdKBdeat/O3RPV8="></latexit><latexit sha1_base64="YoMFs7yCZz17hdKBdeat/O3RPV8="></latexit><latexit sha1_base64="YoMFs7yCZz17hdKBdeat/O3RPV8="></latexit>

we get a formula for the intermediate velocity: 

v̄p =
v̂p +

qp�t
2mpc

⇣
v̂p ⇥Bn

p + qp�t
2mpc

�
v̂p ·Bn

p

�
Bn

p

⌘

1 +
q2p�t2

4m2
pc

2

��Bn
p

��2
<latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="fyAzCo97GVZ7EhGGqyad4qoIYEQ="></latexit><latexit sha1_base64="fyAzCo97GVZ7EhGGqyad4qoIYEQ="></latexit><latexit sha1_base64="iJXaBBt6Pj4WikC413/j4Vryb1Y="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit>

(8)

(9)

Eq. for the intermediate velocity as 
a function of the electric field @ 

n+θ 
BUT E and B are interpolated at 
the intermediate particle position
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IMM: SEMI-IMPLICIT DISCRETIZATION OF PARTICLE MOTION/ 3

The mover is iterative (predictor corrector).  The value of  “improves” at every iteration k, and is 
finally used to calculate particle position and velocity at time t=n+1

v̄p

x̄0
p = xn

p
<latexit sha1_base64="UNO+YekXlaBLCb9+lXimDq5pyxY="></latexit><latexit sha1_base64="nCZWS2GmsZN3OKg5UpLOBKo/Us8="></latexit><latexit sha1_base64="nCZWS2GmsZN3OKg5UpLOBKo/Us8="></latexit><latexit sha1_base64="08CkY+u4stiXHh4gYH9skkZhIQ0="></latexit>

t = tn
<latexit sha1_base64="HVTZiRzcKvKsuodlZSKk4lfFiNA="></latexit><latexit sha1_base64="ELWFc6Zf4Tns/V9EPp7x6MSQqA4="></latexit><latexit sha1_base64="ELWFc6Zf4Tns/V9EPp7x6MSQqA4="></latexit><latexit sha1_base64="CZ6a/CcecgYJpfTOCGMimMBk2xI="></latexit>

but we still need to know En+θ to 
calculate the intermediate velocity, so we 

need a formula for  
En+θ= f(xn, vn) first

k=K

t = tn+1
<latexit sha1_base64="r/2r8ALgP1aN1Y0bt/dYCYsyIk0="></latexit><latexit sha1_base64="QS2EdAW3C5H3sHLS8c0Rkp3bR/I="></latexit><latexit sha1_base64="QS2EdAW3C5H3sHLS8c0Rkp3bR/I="></latexit><latexit sha1_base64="j3JFu4f2F0mgkl36Z58L5H2FBR0="></latexit>

vn+1
p = 2v̄k

p � vn
p

<latexit sha1_base64="EFPKaFIv8IWdqjumm1QQLIo5QWQ="></latexit><latexit sha1_base64="/9XAHduwzoMMI39BR00y/eIlSik="></latexit><latexit sha1_base64="/9XAHduwzoMMI39BR00y/eIlSik="></latexit><latexit sha1_base64="ABOLre3xA8WcE5GkX1B2KQ5R8+E="></latexit>

xn+1
p = xn

p + v̄k
p�t

<latexit sha1_base64="keptz817IrwXJgbTXdSdKRLsLcQ="></latexit><latexit sha1_base64="12Gf4O+xYdzCgcXrzEIMtJRBbPg="></latexit><latexit sha1_base64="12Gf4O+xYdzCgcXrzEIMtJRBbPg="></latexit><latexit sha1_base64="utc1zq8Xt8Ce4zidMhEa1cunobU="></latexit>

v̄0
p

<latexit sha1_base64="S/dywfH4h59sTnm9fo9c00SHSIA="></latexit><latexit sha1_base64="S/dywfH4h59sTnm9fo9c00SHSIA="></latexit><latexit sha1_base64="S/dywfH4h59sTnm9fo9c00SHSIA="></latexit><latexit sha1_base64="S/dywfH4h59sTnm9fo9c00SHSIA="></latexit>

(9)
x̄1
p = xn

p + 1/2v̄0
p�t

<latexit sha1_base64="YZb+orIeTNLvqGe+o8KWW4qzH2c="></latexit><latexit sha1_base64="tmZmCgzveiqYrt6C6zB7hu3BMN4="></latexit><latexit sha1_base64="tmZmCgzveiqYrt6C6zB7hu3BMN4="></latexit><latexit sha1_base64="E29TtcIN/26UWJRvL3bozN+m0mg="></latexit>

k=0 En+✓
p

�
x̄0
p

�
<latexit sha1_base64="Jf146yKeEl1xcrJNzatmic+v11A="></latexit><latexit sha1_base64="BOzWsqPj6xtH06ZPtZuOoheJbXE="></latexit><latexit sha1_base64="BOzWsqPj6xtH06ZPtZuOoheJbXE="></latexit><latexit sha1_base64="PNoCUn9D+IzYVLkbA8HzbzjKDPA="></latexit>

Bn
p

�
x̄0
p

�
<latexit sha1_base64="jY+6mqsg7PlEcSEaXFsD95ZKk4s="></latexit><latexit sha1_base64="Zc/GVbefdaPx6U3tI8bvdZjTr+Y="></latexit><latexit sha1_base64="Zc/GVbefdaPx6U3tI8bvdZjTr+Y="></latexit><latexit sha1_base64="mqgoIj7ckiQKNSHA3i7vRYNj3B0="></latexit>

k=1
Bn

p

�
x̄1
p

�
<latexit sha1_base64="R4oUL5me8cyLdTKphpfooA6OMuo="></latexit><latexit sha1_base64="Dvoy+GilQCdr7L+7wN6YYEd1IBA="></latexit><latexit sha1_base64="Dvoy+GilQCdr7L+7wN6YYEd1IBA="></latexit><latexit sha1_base64="h+ZuT/glPejapdn/ir5+0pkFRcc="></latexit>

En+✓
p

�
x̄1
p

�
<latexit sha1_base64="VdYm9klTqSa1Ktg6zVRzIGgIO2s="></latexit><latexit sha1_base64="XfaRq9exkyVFAEBj/17t+HIKzEw="></latexit><latexit sha1_base64="XfaRq9exkyVFAEBj/17t+HIKzEw="></latexit><latexit sha1_base64="awFvnguFaAFrIQekqcVFrLhStXM="></latexit>

v̄1
p

<latexit sha1_base64="oMOnmz5x17ZL1TbWVfCEqLLkeNQ="></latexit><latexit sha1_base64="OAJ/vFbZWv5PL0Ngv0vo14+ohYo="></latexit><latexit sha1_base64="OAJ/vFbZWv5PL0Ngv0vo14+ohYo="></latexit><latexit sha1_base64="LuZfaE2pi2WzNOvbxVGwpiP0Mic="></latexit>

x̄2
p = xn

p + 1/2v̄1
p�t

<latexit sha1_base64="xrAEbHS3X6QxwgaYdnFIeOP4+w0="></latexit><latexit sha1_base64="k2K/d7BANpFXTXtgNQmpyoONNAM="></latexit><latexit sha1_base64="k2K/d7BANpFXTXtgNQmpyoONNAM="></latexit><latexit sha1_base64="O6WVfB7TY7wz21C8dmVysBdzfTE="></latexit>

(9)
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TIME n+θ

Semi-implicit discretisation of Faraday’s and Ampere’s equations:

Bn+1 = Bn � c�tr⇥En+✓
<latexit sha1_base64="LW0KguXsfY2MgpjXpXrDuLNi1r0="></latexit><latexit sha1_base64="LW0KguXsfY2MgpjXpXrDuLNi1r0="></latexit><latexit sha1_base64="LW0KguXsfY2MgpjXpXrDuLNi1r0="></latexit><latexit sha1_base64="LW0KguXsfY2MgpjXpXrDuLNi1r0="></latexit>

To obtain : curl of (1), vector identity (3), time-discretised Gauss’ law (4), (5)∇ × Bn+θ

(1)

r⇥
�
r⇥En+✓

�
= r ·

�
r ·En+✓

�
�r2En+✓

<latexit sha1_base64="SJwwVw9qvpWFkz98e4ttOZ4T4sw="></latexit><latexit sha1_base64="SJwwVw9qvpWFkz98e4ttOZ4T4sw="></latexit><latexit sha1_base64="SJwwVw9qvpWFkz98e4ttOZ4T4sw="></latexit><latexit sha1_base64="SJwwVw9qvpWFkz98e4ttOZ4T4sw="></latexit>

r ·En+✓ = 4⇡⇢n+✓
<latexit sha1_base64="368Zxxl80O5HhTz+FYxwlzdQ6Bo=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIQpkRQRcKBRFcVrBa6NRyJ83Y0EwyJHeEMvRn3PgrblxYRHDlr5jWLurjQOBwzr3cnBOlUlj0/Q+vMDe/sLhUXC6trK6tb5Q3t26szgzjDaalNs0ILJdC8QYKlLyZGg5JJPlt1D8f+7cP3Fih1TUOUt5O4F6JWDBAJ3XKp6GCSAINWVcjpWEC2Ivi/GJ4l6uDEHscYUjpGT2iYSpoaHp6xuiUK37Vn4D+JcGUVMgU9U55FHY1yxKukEmwthX4KbZzMCiY5MNSmFmeAuvDPW85qiDhtp1PUg7pnlO6NNbGPYV0os5u5JBYO0giNzlOYX97Y/E/r5VhfNLOhUoz5Ip9H4ozSVHTcWW0KwxnKAeOADPC/ZWyHhhg6IotuRKC35H/kpvDauBXg6ujSu1kWkeR7JBdsk8Cckxq5JLUSYMw8kieySsZeU/ei/fmvX+PFrzpzjb5Ae/zCzsipHE=</latexit><latexit sha1_base64="368Zxxl80O5HhTz+FYxwlzdQ6Bo=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIQpkRQRcKBRFcVrBa6NRyJ83Y0EwyJHeEMvRn3PgrblxYRHDlr5jWLurjQOBwzr3cnBOlUlj0/Q+vMDe/sLhUXC6trK6tb5Q3t26szgzjDaalNs0ILJdC8QYKlLyZGg5JJPlt1D8f+7cP3Fih1TUOUt5O4F6JWDBAJ3XKp6GCSAINWVcjpWEC2Ivi/GJ4l6uDEHscYUjpGT2iYSpoaHp6xuiUK37Vn4D+JcGUVMgU9U55FHY1yxKukEmwthX4KbZzMCiY5MNSmFmeAuvDPW85qiDhtp1PUg7pnlO6NNbGPYV0os5u5JBYO0giNzlOYX97Y/E/r5VhfNLOhUoz5Ip9H4ozSVHTcWW0KwxnKAeOADPC/ZWyHhhg6IotuRKC35H/kpvDauBXg6ujSu1kWkeR7JBdsk8Cckxq5JLUSYMw8kieySsZeU/ei/fmvX+PFrzpzjb5Ae/zCzsipHE=</latexit><latexit sha1_base64="368Zxxl80O5HhTz+FYxwlzdQ6Bo=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIQpkRQRcKBRFcVrBa6NRyJ83Y0EwyJHeEMvRn3PgrblxYRHDlr5jWLurjQOBwzr3cnBOlUlj0/Q+vMDe/sLhUXC6trK6tb5Q3t26szgzjDaalNs0ILJdC8QYKlLyZGg5JJPlt1D8f+7cP3Fih1TUOUt5O4F6JWDBAJ3XKp6GCSAINWVcjpWEC2Ivi/GJ4l6uDEHscYUjpGT2iYSpoaHp6xuiUK37Vn4D+JcGUVMgU9U55FHY1yxKukEmwthX4KbZzMCiY5MNSmFmeAuvDPW85qiDhtp1PUg7pnlO6NNbGPYV0os5u5JBYO0giNzlOYX97Y/E/r5VhfNLOhUoz5Ip9H4ozSVHTcWW0KwxnKAeOADPC/ZWyHhhg6IotuRKC35H/kpvDauBXg6ujSu1kWkeR7JBdsk8Cckxq5JLUSYMw8kieySsZeU/ei/fmvX+PFrzpzjb5Ae/zCzsipHE=</latexit><latexit sha1_base64="368Zxxl80O5HhTz+FYxwlzdQ6Bo=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIQpkRQRcKBRFcVrBa6NRyJ83Y0EwyJHeEMvRn3PgrblxYRHDlr5jWLurjQOBwzr3cnBOlUlj0/Q+vMDe/sLhUXC6trK6tb5Q3t26szgzjDaalNs0ILJdC8QYKlLyZGg5JJPlt1D8f+7cP3Fih1TUOUt5O4F6JWDBAJ3XKp6GCSAINWVcjpWEC2Ivi/GJ4l6uDEHscYUjpGT2iYSpoaHp6xuiUK37Vn4D+JcGUVMgU9U55FHY1yxKukEmwthX4KbZzMCiY5MNSmFmeAuvDPW85qiDhtp1PUg7pnlO6NNbGPYV0os5u5JBYO0giNzlOYX97Y/E/r5VhfNLOhUoz5Ip9H4ozSVHTcWW0KwxnKAeOADPC/ZWyHhhg6IotuRKC35H/kpvDauBXg6ujSu1kWkeR7JBdsk8Cckxq5JLUSYMw8kieySsZeU/ei/fmvX+PFrzpzjb5Ae/zCzsipHE=</latexit>

(2)

(3)

(4)
r⇥Bn+✓ = (1� ✓)r⇥Bn + ✓r⇥Bn+1

<latexit sha1_base64="RHSqKfUa5JiZbvTkPHQrPA2+nqg="></latexit><latexit sha1_base64="RHSqKfUa5JiZbvTkPHQrPA2+nqg="></latexit><latexit sha1_base64="RHSqKfUa5JiZbvTkPHQrPA2+nqg="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qoyZxPbV8PIyORO2X+IEipRVH+4="></latexit><latexit sha1_base64="qoyZxPbV8PIyORO2X+IEipRVH+4="></latexit><latexit sha1_base64="kijQQXE4HVBfkrqQXMPI3fYRIR8="></latexit><latexit sha1_base64="RHSqKfUa5JiZbvTkPHQrPA2+nqg="></latexit><latexit sha1_base64="RHSqKfUa5JiZbvTkPHQrPA2+nqg="></latexit><latexit sha1_base64="RHSqKfUa5JiZbvTkPHQrPA2+nqg="></latexit><latexit sha1_base64="RHSqKfUa5JiZbvTkPHQrPA2+nqg="></latexit><latexit sha1_base64="RHSqKfUa5JiZbvTkPHQrPA2+nqg="></latexit><latexit sha1_base64="RHSqKfUa5JiZbvTkPHQrPA2+nqg="></latexit>

(5)

r⇥Bn+✓ = r⇥Bn + c✓�t
�
r2En+✓ �r · 4⇡⇢n+✓

�
<latexit sha1_base64="ufMiistsEb8Lk89G0c2o/jEGIVc="></latexit><latexit sha1_base64="ufMiistsEb8Lk89G0c2o/jEGIVc="></latexit><latexit sha1_base64="ufMiistsEb8Lk89G0c2o/jEGIVc="></latexit><latexit sha1_base64="ufMiistsEb8Lk89G0c2o/jEGIVc="></latexit>

, back in (2)

= @ future time,  
unknown by now

Eq. for E @ n+θ 
BUT our sources 

are also at 
advanced time

(6)

En+1 = En + c�t

✓
r⇥Bn+✓ � 4⇡

c
Jn+✓

◆

<latexit sha1_base64="u8N/jXYeLBtqKkm63q5OTsgICsU="></latexit><latexit sha1_base64="u8N/jXYeLBtqKkm63q5OTsgICsU="></latexit><latexit sha1_base64="u8N/jXYeLBtqKkm63q5OTsgICsU="></latexit><latexit sha1_base64="u8N/jXYeLBtqKkm63q5OTsgICsU="></latexit>

En+✓ � (c✓�t)2 r2En+✓ =

En + c✓�t

✓
r⇥Bn � 4⇡

c
Jn+✓

◆
� (c✓�t)2 4⇡r⇢n+✓

<latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4U6UuI0PLSXwlXDv1wS1W7nYzxc="></latexit><latexit sha1_base64="4U6UuI0PLSXwlXDv1wS1W7nYzxc="></latexit><latexit sha1_base64="X2oupV7Ow0C3Kzp7sMv6K58++w4="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4U6UuI0PLSXwlXDv1wS1W7nYzxc="></latexit><latexit sha1_base64="4U6UuI0PLSXwlXDv1wS1W7nYzxc="></latexit><latexit sha1_base64="X2oupV7Ow0C3Kzp7sMv6K58++w4="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit>
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WHERE WE ARE NOW

xn+1
p = xn

p + v̄p�t
<latexit sha1_base64="uKkWnjfD+N3Ot4YwhHu5WUtZ/3o=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIQqHMiGA3QlEXLivYC3RqyaSZNjSTGZIzxTLM+7jxVVzowgtufQ/Ti6CtBwI/338OOef3IsE12Pa7lVlaXlldy67nNja3tnfyu3t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gcuw3hkxpHspbGEWsHZCe5D6nBAzq5C/cgEDf85P7tBPdJbLopOd4jqW4iF2PqOSHD1NjYPeKCSAYOvmCXbInhReFMxMFNKtqJ//sdkMaB0wCFUTrlmNH0E6IAk4FS3NurFlE6ID0WMtISQKm28nk1hQfGdLFfqjMk4An9PdEQgKtR4FnOsfb6nlvDP/zWjH45XbCZRQDk3T6kR8LDCEeB4e7XDEKYmQEoYqbXTHtE0UomHhzJgRn/uRFUT8pOXbJuTktVMqzOLLoAB2iY+SgM1RB16iKaoiiB/SEXtGb9Wi9WB/W57Q1Y81m9tGfsr6+Ab/JqIk=</latexit><latexit sha1_base64="uKkWnjfD+N3Ot4YwhHu5WUtZ/3o=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIQqHMiGA3QlEXLivYC3RqyaSZNjSTGZIzxTLM+7jxVVzowgtufQ/Ti6CtBwI/338OOef3IsE12Pa7lVlaXlldy67nNja3tnfyu3t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gcuw3hkxpHspbGEWsHZCe5D6nBAzq5C/cgEDf85P7tBPdJbLopOd4jqW4iF2PqOSHD1NjYPeKCSAYOvmCXbInhReFMxMFNKtqJ//sdkMaB0wCFUTrlmNH0E6IAk4FS3NurFlE6ID0WMtISQKm28nk1hQfGdLFfqjMk4An9PdEQgKtR4FnOsfb6nlvDP/zWjH45XbCZRQDk3T6kR8LDCEeB4e7XDEKYmQEoYqbXTHtE0UomHhzJgRn/uRFUT8pOXbJuTktVMqzOLLoAB2iY+SgM1RB16iKaoiiB/SEXtGb9Wi9WB/W57Q1Y81m9tGfsr6+Ab/JqIk=</latexit><latexit sha1_base64="uKkWnjfD+N3Ot4YwhHu5WUtZ/3o=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIQqHMiGA3QlEXLivYC3RqyaSZNjSTGZIzxTLM+7jxVVzowgtufQ/Ti6CtBwI/338OOef3IsE12Pa7lVlaXlldy67nNja3tnfyu3t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gcuw3hkxpHspbGEWsHZCe5D6nBAzq5C/cgEDf85P7tBPdJbLopOd4jqW4iF2PqOSHD1NjYPeKCSAYOvmCXbInhReFMxMFNKtqJ//sdkMaB0wCFUTrlmNH0E6IAk4FS3NurFlE6ID0WMtISQKm28nk1hQfGdLFfqjMk4An9PdEQgKtR4FnOsfb6nlvDP/zWjH45XbCZRQDk3T6kR8LDCEeB4e7XDEKYmQEoYqbXTHtE0UomHhzJgRn/uRFUT8pOXbJuTktVMqzOLLoAB2iY+SgM1RB16iKaoiiB/SEXtGb9Wi9WB/W57Q1Y81m9tGfsr6+Ab/JqIk=</latexit><latexit sha1_base64="uKkWnjfD+N3Ot4YwhHu5WUtZ/3o=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIQqHMiGA3QlEXLivYC3RqyaSZNjSTGZIzxTLM+7jxVVzowgtufQ/Ti6CtBwI/338OOef3IsE12Pa7lVlaXlldy67nNja3tnfyu3t1HcaKshoNRaiaHtFMcMlqwEGwZqQYCTzBGt7gcuw3hkxpHspbGEWsHZCe5D6nBAzq5C/cgEDf85P7tBPdJbLopOd4jqW4iF2PqOSHD1NjYPeKCSAYOvmCXbInhReFMxMFNKtqJ//sdkMaB0wCFUTrlmNH0E6IAk4FS3NurFlE6ID0WMtISQKm28nk1hQfGdLFfqjMk4An9PdEQgKtR4FnOsfb6nlvDP/zWjH45XbCZRQDk3T6kR8LDCEeB4e7XDEKYmQEoYqbXTHtE0UomHhzJgRn/uRFUT8pOXbJuTktVMqzOLLoAB2iY+SgM1RB16iKaoiiB/SEXtGb9Wi9WB/W57Q1Y81m9tGfsr6+Ab/JqIk=</latexit>

vn+1
p = vn

p +
qp�t

mp

✓
En+✓

p (x̄p) +
v̄p ⇥Bn

p (x̄p)

c

◆

<latexit sha1_base64="FO3OC/8zZiXuFu66XRddTXp/eBE="></latexit><latexit sha1_base64="FO3OC/8zZiXuFu66XRddTXp/eBE="></latexit><latexit sha1_base64="FO3OC/8zZiXuFu66XRddTXp/eBE="></latexit><latexit sha1_base64="FO3OC/8zZiXuFu66XRddTXp/eBE="></latexit>

v̄p =
v̂p +

qp�t
2mpc

⇣
v̂p ⇥Bn

p + qp�t
2mpc

�
v̂p ·Bn

p

�
Bn

p

⌘

1 +
q2p�t2

4m2
pc

2

��Bn
p

��2
<latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="fyAzCo97GVZ7EhGGqyad4qoIYEQ="></latexit><latexit sha1_base64="fyAzCo97GVZ7EhGGqyad4qoIYEQ="></latexit><latexit sha1_base64="iJXaBBt6Pj4WikC413/j4Vryb1Y="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit><latexit sha1_base64="GLRbuNs98xjKU4/ZHnpY8Oyre80="></latexit>

v̂p = vn
p +

qp�t

2mp
En+✓

p
<latexit sha1_base64="YoMFs7yCZz17hdKBdeat/O3RPV8="></latexit><latexit sha1_base64="YoMFs7yCZz17hdKBdeat/O3RPV8="></latexit><latexit sha1_base64="YoMFs7yCZz17hdKBdeat/O3RPV8="></latexit><latexit sha1_base64="YoMFs7yCZz17hdKBdeat/O3RPV8="></latexit>

Equations for particle motion: still need En+θ
p

En+✓ � (c✓�t)2 r2En+✓ =

En + c✓�t

✓
r⇥Bn � 4⇡

c
Jn+✓

◆
� (c✓�t)2 4⇡r⇢n+✓

<latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4U6UuI0PLSXwlXDv1wS1W7nYzxc="></latexit><latexit sha1_base64="4U6UuI0PLSXwlXDv1wS1W7nYzxc="></latexit><latexit sha1_base64="X2oupV7Ow0C3Kzp7sMv6K58++w4="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4U6UuI0PLSXwlXDv1wS1W7nYzxc="></latexit><latexit sha1_base64="4U6UuI0PLSXwlXDv1wS1W7nYzxc="></latexit><latexit sha1_base64="X2oupV7Ow0C3Kzp7sMv6K58++w4="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit><latexit sha1_base64="ARx6haj8vG5PVSDYJWHbXjF6Vfk="></latexit>

Equations for field update: still need advanced 
moments, , Jn+θ ρn+θ
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IMM: APPROXIMATION OF PARTICLE SOURCES

Now we need to express  and n terms of something we can work with: 
let’s approximate them around the particle position at time step n

ρn+θ Jn+θ

Taylor expansion of  f(y)  
around y=a

Here:

f(y) ⇠ f(a) + f 0(a)(y � a) + 1/2f 00(a)(y � a)2 + ...
<latexit sha1_base64="elIDO3QxgaTDNzqUyG/vQvGTXuc=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARW4oxKQW7LLhxWcFeoI1lMp20QycXZiZCCH0RN76KGxeKuHAjvo2TNAttPTBzfr5zDjPnd0JGhTTNb62wtr6xuVXcLu3s7u0f6IdHXRFEHJMODljA+w4ShFGfdCSVjPRDTpDnMNJzZtdpvfdAuKCBfyfjkNgemvjUpRhJhUZ6w63EVTgU1INuBVVr0D1XCVbiC3XXrMu6AinJwH0d1qBhGCO9bBpmFnBVWLkogzzaI/1zOA5w5BFfYoaEGFhmKO0EcUkxI/PSMBIkRHiGJmSgpI88Iuwk224OzxQZQzfg6vgSZvT3RII8IWLPUZ0eklOxXEvhf7VBJN2mnVA/jCTx8eIhN2JQBjC1Co4pJ1iyWAmEOVV/hXiKOMJSGVpSJljLK6+Kbt2wTMO6bZRbzdyOIjgBp6ACLHAFWuAGtEEHYPAInsEreNOetBftXftYtBa0fOYY/Ant6wc8Q5sY</latexit><latexit sha1_base64="elIDO3QxgaTDNzqUyG/vQvGTXuc=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARW4oxKQW7LLhxWcFeoI1lMp20QycXZiZCCH0RN76KGxeKuHAjvo2TNAttPTBzfr5zDjPnd0JGhTTNb62wtr6xuVXcLu3s7u0f6IdHXRFEHJMODljA+w4ShFGfdCSVjPRDTpDnMNJzZtdpvfdAuKCBfyfjkNgemvjUpRhJhUZ6w63EVTgU1INuBVVr0D1XCVbiC3XXrMu6AinJwH0d1qBhGCO9bBpmFnBVWLkogzzaI/1zOA5w5BFfYoaEGFhmKO0EcUkxI/PSMBIkRHiGJmSgpI88Iuwk224OzxQZQzfg6vgSZvT3RII8IWLPUZ0eklOxXEvhf7VBJN2mnVA/jCTx8eIhN2JQBjC1Co4pJ1iyWAmEOVV/hXiKOMJSGVpSJljLK6+Kbt2wTMO6bZRbzdyOIjgBp6ACLHAFWuAGtEEHYPAInsEreNOetBftXftYtBa0fOYY/Ant6wc8Q5sY</latexit><latexit sha1_base64="elIDO3QxgaTDNzqUyG/vQvGTXuc=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARW4oxKQW7LLhxWcFeoI1lMp20QycXZiZCCH0RN76KGxeKuHAjvo2TNAttPTBzfr5zDjPnd0JGhTTNb62wtr6xuVXcLu3s7u0f6IdHXRFEHJMODljA+w4ShFGfdCSVjPRDTpDnMNJzZtdpvfdAuKCBfyfjkNgemvjUpRhJhUZ6w63EVTgU1INuBVVr0D1XCVbiC3XXrMu6AinJwH0d1qBhGCO9bBpmFnBVWLkogzzaI/1zOA5w5BFfYoaEGFhmKO0EcUkxI/PSMBIkRHiGJmSgpI88Iuwk224OzxQZQzfg6vgSZvT3RII8IWLPUZ0eklOxXEvhf7VBJN2mnVA/jCTx8eIhN2JQBjC1Co4pJ1iyWAmEOVV/hXiKOMJSGVpSJljLK6+Kbt2wTMO6bZRbzdyOIjgBp6ACLHAFWuAGtEEHYPAInsEreNOetBftXftYtBa0fOYY/Ant6wc8Q5sY</latexit><latexit sha1_base64="elIDO3QxgaTDNzqUyG/vQvGTXuc=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARW4oxKQW7LLhxWcFeoI1lMp20QycXZiZCCH0RN76KGxeKuHAjvo2TNAttPTBzfr5zDjPnd0JGhTTNb62wtr6xuVXcLu3s7u0f6IdHXRFEHJMODljA+w4ShFGfdCSVjPRDTpDnMNJzZtdpvfdAuKCBfyfjkNgemvjUpRhJhUZ6w63EVTgU1INuBVVr0D1XCVbiC3XXrMu6AinJwH0d1qBhGCO9bBpmFnBVWLkogzzaI/1zOA5w5BFfYoaEGFhmKO0EcUkxI/PSMBIkRHiGJmSgpI88Iuwk224OzxQZQzfg6vgSZvT3RII8IWLPUZ0eklOxXEvhf7VBJN2mnVA/jCTx8eIhN2JQBjC1Co4pJ1iyWAmEOVV/hXiKOMJSGVpSJljLK6+Kbt2wTMO6bZRbzdyOIjgBp6ACLHAFWuAGtEEHYPAInsEreNOetBftXftYtBa0fOYY/Ant6wc8Q5sY</latexit>

a = x� xn
<latexit sha1_base64="FgxC9CCA4y9Y4U/9hF/qocQGVR8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCvYiFLx4rGA/pF1LNs22oUl2SbLSsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz81tPVGkWyXsziakv8ECykBFsrPSAr8cX48dUTnvFklt250CrxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp9NCN9E0xmSEB7RjqcSCaj+dHzxFZ1bpozBStqRBc/X3RIqF1hMR2E6BzVAvezPxP6+TmLDqp0zGiaGSLBaFCUcmQrPvUZ8pSgyfWIKJYvZWRIZYYWJsRgUbgrf88ippXpY9t+zdVUq1ahZHHk7gFM7BgyuowS3UoQEEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+uR5BJ</latexit><latexit sha1_base64="FgxC9CCA4y9Y4U/9hF/qocQGVR8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCvYiFLx4rGA/pF1LNs22oUl2SbLSsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz81tPVGkWyXsziakv8ECykBFsrPSAr8cX48dUTnvFklt250CrxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp9NCN9E0xmSEB7RjqcSCaj+dHzxFZ1bpozBStqRBc/X3RIqF1hMR2E6BzVAvezPxP6+TmLDqp0zGiaGSLBaFCUcmQrPvUZ8pSgyfWIKJYvZWRIZYYWJsRgUbgrf88ippXpY9t+zdVUq1ahZHHk7gFM7BgyuowS3UoQEEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+uR5BJ</latexit><latexit sha1_base64="FgxC9CCA4y9Y4U/9hF/qocQGVR8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCvYiFLx4rGA/pF1LNs22oUl2SbLSsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz81tPVGkWyXsziakv8ECykBFsrPSAr8cX48dUTnvFklt250CrxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp9NCN9E0xmSEB7RjqcSCaj+dHzxFZ1bpozBStqRBc/X3RIqF1hMR2E6BzVAvezPxP6+TmLDqp0zGiaGSLBaFCUcmQrPvUZ8pSgyfWIKJYvZWRIZYYWJsRgUbgrf88ippXpY9t+zdVUq1ahZHHk7gFM7BgyuowS3UoQEEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+uR5BJ</latexit><latexit sha1_base64="FgxC9CCA4y9Y4U/9hF/qocQGVR8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCvYiFLx4rGA/pF1LNs22oUl2SbLSsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz81tPVGkWyXsziakv8ECykBFsrPSAr8cX48dUTnvFklt250CrxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp9NCN9E0xmSEB7RjqcSCaj+dHzxFZ1bpozBStqRBc/X3RIqF1hMR2E6BzVAvezPxP6+TmLDqp0zGiaGSLBaFCUcmQrPvUZ8pSgyfWIKJYvZWRIZYYWJsRgUbgrf88ippXpY9t+zdVUq1ahZHHk7gFM7BgyuowS3UoQEEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx+uR5BJ</latexit>

Equivalent at the II order to

(1)

(2)

⇢n+✓ =
X

p

qpS(x� xn+✓) ⇠
X

p

qp
⇥
S(x� xn)� (xn+✓ � xn)r · S(x� xn) + ...

⇤

<latexit sha1_base64="bf8W4i9PsEOmVHN9+kdNMBPbcLU="></latexit><latexit sha1_base64="bf8W4i9PsEOmVHN9+kdNMBPbcLU="></latexit><latexit sha1_base64="bf8W4i9PsEOmVHN9+kdNMBPbcLU="></latexit><latexit sha1_base64="bf8W4i9PsEOmVHN9+kdNMBPbcLU="></latexit>

⇢n+✓ ⇠
X

p

qp
⇥
S(x� xn)� (xn+✓ � xn)r · S(x� xn+✓)

⇤
=

⇢n � ✓�tr ·
X

p

qpv̄pS(x� xn+✓) = ⇢n � ✓�tr · Jn+✓

<latexit sha1_base64="k6NNU/hwfT475uSusPG3WGHiPvU="></latexit><latexit sha1_base64="k6NNU/hwfT475uSusPG3WGHiPvU="></latexit><latexit sha1_base64="k6NNU/hwfT475uSusPG3WGHiPvU="></latexit><latexit sha1_base64="k6NNU/hwfT475uSusPG3WGHiPvU="></latexit>

Jn+✓
<latexit sha1_base64="ThGNe8i4oV12fuPaMq+FAE/bWZI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJCHZZcCOuKtgHNLVMppN26GQSZm6EEgL+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fC67Bcb6t0srq2vpGebOytb2zu2fvH7R1lCjKWjQSker6RDPBJWsBB8G6sWIk9AXr+JPr3O88MqV5JO9hGrN+SEaSB5wSMNLAPvJCAmM/SG+zh1SeezBmQLKBXXVqzgx4mbgFqaICzYH95Q0jmoRMAhVE657rxNBPiQJOBcsqXqJZTOiEjFjPUElCpvvpLH6GT40yxEGkzJOAZ+rvjZSEWk9D30zmYfWil4v/eb0Egno/5TJOgEk6PxQkAkOE8y7wkCtGQUwNIVRxkxXTMVGEgmmsYkpwF7+8TNoXNdepuXeX1Ua9qKOMjtEJOkMuukINdIOaqIUoStEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AKkbleQ=</latexit><latexit sha1_base64="ThGNe8i4oV12fuPaMq+FAE/bWZI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJCHZZcCOuKtgHNLVMppN26GQSZm6EEgL+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fC67Bcb6t0srq2vpGebOytb2zu2fvH7R1lCjKWjQSker6RDPBJWsBB8G6sWIk9AXr+JPr3O88MqV5JO9hGrN+SEaSB5wSMNLAPvJCAmM/SG+zh1SeezBmQLKBXXVqzgx4mbgFqaICzYH95Q0jmoRMAhVE657rxNBPiQJOBcsqXqJZTOiEjFjPUElCpvvpLH6GT40yxEGkzJOAZ+rvjZSEWk9D30zmYfWil4v/eb0Egno/5TJOgEk6PxQkAkOE8y7wkCtGQUwNIVRxkxXTMVGEgmmsYkpwF7+8TNoXNdepuXeX1Ua9qKOMjtEJOkMuukINdIOaqIUoStEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AKkbleQ=</latexit><latexit sha1_base64="ThGNe8i4oV12fuPaMq+FAE/bWZI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJCHZZcCOuKtgHNLVMppN26GQSZm6EEgL+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fC67Bcb6t0srq2vpGebOytb2zu2fvH7R1lCjKWjQSker6RDPBJWsBB8G6sWIk9AXr+JPr3O88MqV5JO9hGrN+SEaSB5wSMNLAPvJCAmM/SG+zh1SeezBmQLKBXXVqzgx4mbgFqaICzYH95Q0jmoRMAhVE657rxNBPiQJOBcsqXqJZTOiEjFjPUElCpvvpLH6GT40yxEGkzJOAZ+rvjZSEWk9D30zmYfWil4v/eb0Egno/5TJOgEk6PxQkAkOE8y7wkCtGQUwNIVRxkxXTMVGEgmmsYkpwF7+8TNoXNdepuXeX1Ua9qKOMjtEJOkMuukINdIOaqIUoStEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AKkbleQ=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="h+qL/dCPjrBYiDIDTPcw0FSrvpc=">AAAB83icbVBNS8NAFHypX7VWjYInL8EiCEJJvOhR8CKeKtgPaGLZbDft0s0m7L4IJQT8K148KOJ/8ea/cdP2oK0DC8PMe7zZCVPBNbrut1VZW9/Y3Kpu13bqu3v79kG9o5NMUdamiUhULySaCS5ZGzkK1ksVI3EoWDec3JR+94kpzRP5gNOUBTEZSR5xStBIA/vIjwmOwyi/Kx5zee7jmCEpBnbDbbozOKvEW5AGLNAa2F/+MKFZzCRSQbTue26KQU4UcipYUfMzzVJCJ2TE+oZKEjMd5LP4hXNqlKETJco8ic5M/b2Rk1jraRyayTKsXvZK8T+vn2F0FeRcphkySeeHokw4mDhlF86QK0ZRTA0hVHGT1aFjoghF01jNlOAtf3mVdC6antv07l2owjGcwBl4cAnXcAstaAOFHF7gDd6tZ+vV+pjXVbEWvR3CH1ifPzkFlIU=</latexit><latexit sha1_base64="h+qL/dCPjrBYiDIDTPcw0FSrvpc=">AAAB83icbVBNS8NAFHypX7VWjYInL8EiCEJJvOhR8CKeKtgPaGLZbDft0s0m7L4IJQT8K148KOJ/8ea/cdP2oK0DC8PMe7zZCVPBNbrut1VZW9/Y3Kpu13bqu3v79kG9o5NMUdamiUhULySaCS5ZGzkK1ksVI3EoWDec3JR+94kpzRP5gNOUBTEZSR5xStBIA/vIjwmOwyi/Kx5zee7jmCEpBnbDbbozOKvEW5AGLNAa2F/+MKFZzCRSQbTue26KQU4UcipYUfMzzVJCJ2TE+oZKEjMd5LP4hXNqlKETJco8ic5M/b2Rk1jraRyayTKsXvZK8T+vn2F0FeRcphkySeeHokw4mDhlF86QK0ZRTA0hVHGT1aFjoghF01jNlOAtf3mVdC6antv07l2owjGcwBl4cAnXcAstaAOFHF7gDd6tZ+vV+pjXVbEWvR3CH1ifPzkFlIU=</latexit><latexit sha1_base64="rvzUhaCv9XzdWVmwzSQcdGNiY8g=">AAAB/nicbVDLSsNAFJ34rPUVFVduBosgCCVxY5cFN+Kqgn1AE8tkOmmHTiZh5kYoIeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gSJ4Boc59taWV1b39isbFW3d3b39u2Dw46OU0VZm8YiVr2AaCa4ZG3gIFgvUYxEgWDdYHJd+N1HpjSP5T1ME+ZHZCR5yCkBIw3sYy8iMA7C7DZ/yOSFB2MGJB/YNafuzICXiVuSGirRGthf3jCmacQkUEG07rtOAn5GFHAqWF71Us0SQidkxPqGShIx7Wez+Dk+M8oQh7EyTwKeqb83MhJpPY0CM1mE1YteIf7n9VMIG37GZZICk3R+KEwFhhgXXeAhV4yCmBpCqOImK6ZjoggF01jVlOAufnmZdC7rrlN375xas1HWUUEn6BSdIxddoSa6QS3URhRl6Bm9ojfryXqx3q2P+eiKVe4coT+wPn8Ap9uV4A==</latexit><latexit sha1_base64="ThGNe8i4oV12fuPaMq+FAE/bWZI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJCHZZcCOuKtgHNLVMppN26GQSZm6EEgL+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fC67Bcb6t0srq2vpGebOytb2zu2fvH7R1lCjKWjQSker6RDPBJWsBB8G6sWIk9AXr+JPr3O88MqV5JO9hGrN+SEaSB5wSMNLAPvJCAmM/SG+zh1SeezBmQLKBXXVqzgx4mbgFqaICzYH95Q0jmoRMAhVE657rxNBPiQJOBcsqXqJZTOiEjFjPUElCpvvpLH6GT40yxEGkzJOAZ+rvjZSEWk9D30zmYfWil4v/eb0Egno/5TJOgEk6PxQkAkOE8y7wkCtGQUwNIVRxkxXTMVGEgmmsYkpwF7+8TNoXNdepuXeX1Ua9qKOMjtEJOkMuukINdIOaqIUoStEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AKkbleQ=</latexit><latexit sha1_base64="ThGNe8i4oV12fuPaMq+FAE/bWZI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJCHZZcCOuKtgHNLVMppN26GQSZm6EEgL+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fC67Bcb6t0srq2vpGebOytb2zu2fvH7R1lCjKWjQSker6RDPBJWsBB8G6sWIk9AXr+JPr3O88MqV5JO9hGrN+SEaSB5wSMNLAPvJCAmM/SG+zh1SeezBmQLKBXXVqzgx4mbgFqaICzYH95Q0jmoRMAhVE657rxNBPiQJOBcsqXqJZTOiEjFjPUElCpvvpLH6GT40yxEGkzJOAZ+rvjZSEWk9D30zmYfWil4v/eb0Egno/5TJOgEk6PxQkAkOE8y7wkCtGQUwNIVRxkxXTMVGEgmmsYkpwF7+8TNoXNdepuXeX1Ua9qKOMjtEJOkMuukINdIOaqIUoStEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AKkbleQ=</latexit><latexit sha1_base64="ThGNe8i4oV12fuPaMq+FAE/bWZI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJCHZZcCOuKtgHNLVMppN26GQSZm6EEgL+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fC67Bcb6t0srq2vpGebOytb2zu2fvH7R1lCjKWjQSker6RDPBJWsBB8G6sWIk9AXr+JPr3O88MqV5JO9hGrN+SEaSB5wSMNLAPvJCAmM/SG+zh1SeezBmQLKBXXVqzgx4mbgFqaICzYH95Q0jmoRMAhVE657rxNBPiQJOBcsqXqJZTOiEjFjPUElCpvvpLH6GT40yxEGkzJOAZ+rvjZSEWk9D30zmYfWil4v/eb0Egno/5TJOgEk6PxQkAkOE8y7wkCtGQUwNIVRxkxXTMVGEgmmsYkpwF7+8TNoXNdepuXeX1Ua9qKOMjtEJOkMuukINdIOaqIUoStEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AKkbleQ=</latexit><latexit sha1_base64="ThGNe8i4oV12fuPaMq+FAE/bWZI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJCHZZcCOuKtgHNLVMppN26GQSZm6EEgL+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fC67Bcb6t0srq2vpGebOytb2zu2fvH7R1lCjKWjQSker6RDPBJWsBB8G6sWIk9AXr+JPr3O88MqV5JO9hGrN+SEaSB5wSMNLAPvJCAmM/SG+zh1SeezBmQLKBXXVqzgx4mbgFqaICzYH95Q0jmoRMAhVE657rxNBPiQJOBcsqXqJZTOiEjFjPUElCpvvpLH6GT40yxEGkzJOAZ+rvjZSEWk9D30zmYfWil4v/eb0Egno/5TJOgEk6PxQkAkOE8y7wkCtGQUwNIVRxkxXTMVGEgmmsYkpwF7+8TNoXNdepuXeX1Ua9qKOMjtEJOkMuukINdIOaqIUoStEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AKkbleQ=</latexit><latexit sha1_base64="ThGNe8i4oV12fuPaMq+FAE/bWZI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJCHZZcCOuKtgHNLVMppN26GQSZm6EEgL+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fC67Bcb6t0srq2vpGebOytb2zu2fvH7R1lCjKWjQSker6RDPBJWsBB8G6sWIk9AXr+JPr3O88MqV5JO9hGrN+SEaSB5wSMNLAPvJCAmM/SG+zh1SeezBmQLKBXXVqzgx4mbgFqaICzYH95Q0jmoRMAhVE657rxNBPiQJOBcsqXqJZTOiEjFjPUElCpvvpLH6GT40yxEGkzJOAZ+rvjZSEWk9D30zmYfWil4v/eb0Egno/5TJOgEk6PxQkAkOE8y7wkCtGQUwNIVRxkxXTMVGEgmmsYkpwF7+8TNoXNdepuXeX1Ua9qKOMjtEJOkMuukINdIOaqIUoStEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AKkbleQ=</latexit><latexit sha1_base64="ThGNe8i4oV12fuPaMq+FAE/bWZI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJCHZZcCOuKtgHNLVMppN26GQSZm6EEgL+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44fC67Bcb6t0srq2vpGebOytb2zu2fvH7R1lCjKWjQSker6RDPBJWsBB8G6sWIk9AXr+JPr3O88MqV5JO9hGrN+SEaSB5wSMNLAPvJCAmM/SG+zh1SeezBmQLKBXXVqzgx4mbgFqaICzYH95Q0jmoRMAhVE657rxNBPiQJOBcsqXqJZTOiEjFjPUElCpvvpLH6GT40yxEGkzJOAZ+rvjZSEWk9D30zmYfWil4v/eb0Egno/5TJOgEk6PxQkAkOE8y7wkCtGQUwNIVRxkxXTMVGEgmmsYkpwF7+8TNoXNdepuXeX1Ua9qKOMjtEJOkMuukINdIOaqIUoStEzekVv1pP1Yr1bH/PRklXsHKI/sD5/AKkbleQ=</latexit>

�✓�tv̄p
<latexit sha1_base64="zuO6di9cqI8QQVK8CU6pmRGPROs=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgxbArgjkG9OAxgnlANoTZSW8yZPbBTG8gLPkAL/6KFw+KePUDvPk3ziZ70MSGYYqqarq7vFgKjbb9bRXW1jc2t4rbpZ3dvf2D8uFRS0eJ4tDkkYxUx2MapAihiQIldGIFLPAktL3xTaa3J6C0iMIHnMbQC9gwFL7gDA3VL1cuXBwBMuregjQfUtdjKnUDhiPPTyezfjwzLrtqz4uuAicHFZJXo1/+cgcRTwIIkUumddexY+ylTKHgEmYlN9EQMz5mQ+gaGLIAdC+dHzOjZ4YZUD9S5oVI5+zvjpQFWk8DzzizJfWylpH/ad0E/VovFWGcIIR8MchPJMWIZsnQgVDAUU4NYFwJsyvlI6YYR5NfyYTgLJ+8ClqXVceuOvdXlXotj6NITsgpOScOuSZ1ckcapEk4eSTP5JW8WU/Wi/VufSysBSvvOSZ/yvr8AZEqm0w=</latexit><latexit sha1_base64="zuO6di9cqI8QQVK8CU6pmRGPROs=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgxbArgjkG9OAxgnlANoTZSW8yZPbBTG8gLPkAL/6KFw+KePUDvPk3ziZ70MSGYYqqarq7vFgKjbb9bRXW1jc2t4rbpZ3dvf2D8uFRS0eJ4tDkkYxUx2MapAihiQIldGIFLPAktL3xTaa3J6C0iMIHnMbQC9gwFL7gDA3VL1cuXBwBMuregjQfUtdjKnUDhiPPTyezfjwzLrtqz4uuAicHFZJXo1/+cgcRTwIIkUumddexY+ylTKHgEmYlN9EQMz5mQ+gaGLIAdC+dHzOjZ4YZUD9S5oVI5+zvjpQFWk8DzzizJfWylpH/ad0E/VovFWGcIIR8MchPJMWIZsnQgVDAUU4NYFwJsyvlI6YYR5NfyYTgLJ+8ClqXVceuOvdXlXotj6NITsgpOScOuSZ1ckcapEk4eSTP5JW8WU/Wi/VufSysBSvvOSZ/yvr8AZEqm0w=</latexit><latexit sha1_base64="zuO6di9cqI8QQVK8CU6pmRGPROs=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgxbArgjkG9OAxgnlANoTZSW8yZPbBTG8gLPkAL/6KFw+KePUDvPk3ziZ70MSGYYqqarq7vFgKjbb9bRXW1jc2t4rbpZ3dvf2D8uFRS0eJ4tDkkYxUx2MapAihiQIldGIFLPAktL3xTaa3J6C0iMIHnMbQC9gwFL7gDA3VL1cuXBwBMuregjQfUtdjKnUDhiPPTyezfjwzLrtqz4uuAicHFZJXo1/+cgcRTwIIkUumddexY+ylTKHgEmYlN9EQMz5mQ+gaGLIAdC+dHzOjZ4YZUD9S5oVI5+zvjpQFWk8DzzizJfWylpH/ad0E/VovFWGcIIR8MchPJMWIZsnQgVDAUU4NYFwJsyvlI6YYR5NfyYTgLJ+8ClqXVceuOvdXlXotj6NITsgpOScOuSZ1ckcapEk4eSTP5JW8WU/Wi/VufSysBSvvOSZ/yvr8AZEqm0w=</latexit><latexit sha1_base64="zuO6di9cqI8QQVK8CU6pmRGPROs=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoPgxbArgjkG9OAxgnlANoTZSW8yZPbBTG8gLPkAL/6KFw+KePUDvPk3ziZ70MSGYYqqarq7vFgKjbb9bRXW1jc2t4rbpZ3dvf2D8uFRS0eJ4tDkkYxUx2MapAihiQIldGIFLPAktL3xTaa3J6C0iMIHnMbQC9gwFL7gDA3VL1cuXBwBMuregjQfUtdjKnUDhiPPTyezfjwzLrtqz4uuAicHFZJXo1/+cgcRTwIIkUumddexY+ylTKHgEmYlN9EQMz5mQ+gaGLIAdC+dHzOjZ4YZUD9S5oVI5+zvjpQFWk8DzzizJfWylpH/ad0E/VovFWGcIIR8MchPJMWIZsnQgVDAUU4NYFwJsyvlI6YYR5NfyYTgLJ+8ClqXVceuOvdXlXotj6NITsgpOScOuSZ1ckcapEk4eSTP5JW8WU/Wi/VufSysBSvvOSZ/yvr8AZEqm0w=</latexit>

Heuristic explanation for stability constraint: the 
average electron cannot move more than a Dx in a Dt

y = x� xn+✓
<latexit sha1_base64="oXKGiWXQtPeZAc9aYO0PdbkF5zk="></latexit><latexit sha1_base64="tHuw3frfoG+JH0u89laL5EjSG54="></latexit><latexit sha1_base64="tHuw3frfoG+JH0u89laL5EjSG54="></latexit><latexit sha1_base64="j/582LAC+l/LinwJ9YanOPbz1LA="></latexit>
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IMM: APPROXIMATION OF PARTICLE SOURCES/ 2

We can use the same approximation for  Jn+θ

and with

v̄p = ṽp + �pẼ
n+✓

<latexit sha1_base64="Q4LQ6B/AqAQLjeSZ0OxdSQlPWVc="></latexit><latexit sha1_base64="Q4LQ6B/AqAQLjeSZ0OxdSQlPWVc="></latexit><latexit sha1_base64="Q4LQ6B/AqAQLjeSZ0OxdSQlPWVc="></latexit><latexit sha1_base64="Q4LQ6B/AqAQLjeSZ0OxdSQlPWVc="></latexit>

�p =
qp�t

2mp
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which, rewriting (9) as 

gives (5)

now we can express the 
time-advanced moments as 

f(xn, vn, Bn)+g(En+θ)
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36IMM: DERIVATION OF THE EQUATION FOR En+θ, WITH APPROXIMATED 
PARTICLE SOURCES

This is an equation of the type AX=B which can be solved with a GMRES (Generalized  
Minimal RESidual method) solver [Saad 2003]. 

Bn+1 is then obtained from (1)

we finally get a formula for En+θ only in terms of known quantities: 

Inserting (2) and (5) into (6) and with  
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Now everything in the RHS is 
known!
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HOW TO CHOOSE Θ? 

✓  

✓ : second order in time; otherwise, first order 

✓ larger θ, more “implicit”: higher degree of numerical cooling 

✓ as a rule of thumb, the lower the resolution (ion scale resolution), the larger the θ: we need 
to damp more the unresolved frequencies/ wavenumbers 

✓ convergence studies are important! 

1/2 ≤ θ ≤ 1

θ = 1/2
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7. SEMI-IMPLICIT PIC AS A BRIDGE BETWEEN 
KINETIC AND LARGER SCALES
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THE ONE THING FROM THIS LECTURE YOU DO NOT WANT TO FORGET

Core of semi-implicit PIC methods: the temporal discretization results in this stability 
constraint:

✏ < vth,e
�t

�x
< 1

<latexit sha1_base64="JWuiI8DVR4krsptcqytLIkIv6d4="></latexit>

CFL condition on the average electron thermal velocity

What does this mean? 

✓ The Δt, Δx that we can use are larger then with explicit PIC 
+: simulations cost less, we can study problems otherwise inaccessible 
-: more thoughts has to go into choice of resolution: we have to resolve whatever we are 
interested in, convergence studies usually take longer 

✓ We can get closer to “system” scales: semi-implicit PIC are the kinetic method of choice for 
code coupling 
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CODE COUPLING

Code coupling: coupling together different codes, or the same code used “differently” (e.g., 
different resolution) to focus on processes occurring at different scales in different parts of the 
simulation 

(we are making here a somehow artificial difference between code coupling and Adaptive 
Mesh Refinement, AMR)

Large domain, 
large scale (possibly fluid) 

processes

Small domain, 
small scale 
processes

+: the computational cost of certain simulations is drastically 
reduced, we can study problems otherwise too expensive 
for kinetic codes 
-: coupled code are trickier to develop and program, we 
have to be more careful of numerical artifacts

We focus on: 
✓ kinetic/ kinetic coupling 
✓ fluid/ kinetic coupling

See Simon Lautenbach’s 
lecture tomorrow!
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KINETIC/ KINETIC COUPLING: THE MULTI-LEVEL MULTI-DOMAIN METHOD

Coarse Grid (CG)

Refined Grid (RG)

The MLMD method is a variation on the theme of Adaptive 
Mesh Refinement (AMR) PIC (e.g. Vay et al 2004, Fujimoto et 
al 2008). 
In a MLMD system, different grids are resolved with an IMM PIC 
at different resolution. The Coarse Grid drives the evolution of 
the Refined Grid through field and particle Boundary Conditions 
The method saves computational time w.r.t. resolving 
everything with the highest resolution 

Large resolution jumps (e.g. ion scale 
resolution on a grid, electron scale on another) 
are made possible by the large stability region 
of the IMM. 
Resolution jumps of 14 in space, 10 in time 
where reached [Innocenti et al 2015]

Largest grid, 
lower resolution

Smallest grid, 
highest 

resolution
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EXAMPLE OF MLMD SIMULATION

mi /me=1836 
dxCG= 0.078 di 
dxRF= 0.42 de 
dtCG=0.1 ωpi-1 

dxCG/dxRF=8 

dtCG/dtRF=2

Ωcit=
Low  

resolution
High  

resolution
RF=8

x/di

y/
d i

Lower Hybrid Drift Instability simulation

modified from Innocenti et al 2016
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FLUID/ KINETIC COUPLING
In fluid-kinetic coupled codes, the challenge is not the different 
resolution, but the different physical description, MHD vs PIC 

The MHD simulation is used to initialize the PIC simulation in an 
embedded region within the global MHD domain 

In forward coupling, the MHD solution in the interface region is 
provided as boundary condition to the fields and particles of PIC 
at every time step 

In backward coupling, the PIC moments are used to update the 
MHD solution after every time step 

Several levels of grid refinement may be used to decrease the 
resolution of the MHD grid to match the one of the PIC mesh

Makwana et al 2017: AMR-VAC+ KUL iPic3D: Coalescence of current 
channels with 4 mesh levels in MHD (black boxes) and an embedded 
PIC region (red box) around the reconnection zone

MHD region

PIC region

Interface
region

Forward
coupling

Backward
coupling

-0.0296

-0.0055

0.0187

-5.382e-02

4.291e-02
Jz

MHD
MHD

MHD

MHD

PIC

Increasing 

resolution
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EXAMPLE OF FLUID/ KINETIC COUPLING

PIC

Increasing 

resolution

MHD

MHD

MHD

MHD

Chen et al 2017: BATS-R-
US+ KTH iPic3D: MHD-
EPIC 3D simulations of 
Earth’s dayside 
reconnection to study Flux 
Transfer Events

Aim: study kinetic processes embedded in large domains which cannot be simulated kinetically 
due to the large computational cost

PIC area:
8 RE < x < 12 RE, 
 −6 RE to 6 RE,
−6 RE < z < 6 
RE ,
dx/RE =1/16

Z (RE)10

X 6RE

4
Y

SHOCK

8RE

4RE

MAGNETOPAUSE

10-1

1

Beta

10

10-2

10RE

Crossing	the	Diffusion	Regions	-	ELECTRONS	

VN	

VM	

Berchem et al 2017: UCLA global MHD code+ KUL iPic3D: 
dayside reconnection, formation of electron crescent, as 
predicted numerically by Hesse 2014 and observed by MMS 

PIC area: 
6 RE < x < 10 RE, = 28.5  di  
−4 RE < z < 4 RE =  57 di  
dx= 0.0178 di = 0.09 de
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8. CLOSING CONSIDERATIONS
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SEMI-IMPLICIT PIC METHODS

✓ Aim: save computational time w.r.t. explicit PIC via more lenient stability constraints 

✓ How it works (in most s-i methods): particle sources in field equations at advanced times 
are approximated using available information  at present time 

✓ What happens: one step of a semi-implicit PIC code is heavier than explicit, it becomes 
convenient if less steps are needed to reach the final time due to larger Dt 

✓ What it allows: fully kinetic simulations of larger domains, for longer times, with reduced 
approximations (e.g., larger mass ratio than explicit); code coupling become easier 

✓ A word of caution: it’s not magic, processes not resolved are simulated only qualitatively; 
convergence tests are even more crucial!

Simulation final T

Explicit (Semi-)implicit

D
ur

at
io

n 
of

 th
e 

si
m

ul
at

io
n

✏ < vth,e
�t

�x
< 1
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THANK YOU FOR YOUR ATTENTION!


