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Relativistic eq. motion
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- Full/hybrid-PIC simulations
- Test-particle calculations
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Trajectory in momentum space
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Numerical Integrators tor Relativistic
Charged Particles

» Runge (1895)-Kutta (1901) “RK4”

>Fourth-order _ »>Gradually deviates from
»Conservation of nothing the theoretical trajectory.
» Boris (1970) <
»>Second-order »Good if |lvg — vyl is large.
> Energy conservation during gyration
» Vay (2008) »Good if [vg — vyl is small.
 Higuera-Cray (2017) j

»>Second-order L .
e . >Preserve an elliptical trajectory
»Modification of Boris . -
o with a wrong guiding center.
« Implicit methods
> |terative convergence, mostly second-order ,




T heoretical Solution to Relativistic
--cross-B Motions

le.g. Friedman & Semon PRE 2005]

e Trajectory of perpendicular momentum vector components:
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Comparison of Previous Integrators  “risi=wac=1
O:Boris ‘Vay /\:HC - :RK4 vz /c = (0.8,0,0)
—:(ux — ¥BY¥EVE)® + YFU5 = const. ve = 1.6666
0.8 |>Vay anld HC are better with smaller ] »Boris is better with large |vg — vy
Vg — Vo '




Boris Integrator (1970)

Circular rotation matrix
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New Integrator
(Umeda JCP 2023)

Elliptical rotation matrix (for y2 > 1)
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Comparison of momentum trajectory — “w!Fl=ee=t
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Comparison of numerical accuracy

O:Boris [1:RK4  A:Present(2nd) X :Present(4th) v,/c = (0.5,0,0)
- 100 (Umeda JCP 2023)  (Umeda & Ozaki EPS 2023) v, /c = (0.8,0,0)
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Time-Staggered versus Time-Collocatea

(Leap-Frog) (e.g. RK4)
Leap-Frog Fully Time-Collocated
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Development of fourth-order leap-frog integrator

« Co-located time-stepping is OK for test-particle calculations.

« The leap-frog integrator is necessary to avoid the Euler
(first-order) time stepping in PIC.

How:

 Multi-stepping based on tglte Taylor expansion .
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Relative error of velocity vector

Comparison of Numerical Errors
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Summary

« Runge (1895)-Kutta (1901) “RK4” Do not use Boris (1970)
>Fourth-order with large w,At(>0.01)

»Conservation of nothing or large y.

« Boris (1970), Vay (2008), Higuera-Cray (2017)
>Second-order leap frog @
> Preservation of elliptical trajectory but with wrong guiding center
»>Energy conservation during gyration

e Present (Umeda 2023; Umeda & Ozaki 2023; in preparation)

> Preservation of elliptical trajectory with correct guiding center
»>Energy conservation during gyration

> Preservation of boosted Lorentz factor

> Fourth-order leap frog
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Issues in computational performance:

« Multi-stepping (including) involves loading data (i.e.,
electromagnetic field on grids) from memory in each step.

= Performance bottleneck in memory bandwidth

- Switching in three cases (yZ > 1,y2 = o,y < 0) is necessary.
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= An issue in high-performance implementation
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