
RUHR-UNIVERSITÄT BOCHUM

Discovering Fluid Closure Equations using Machine
Learning
Emanuel Jeß1, George Miloshevich2, Sophia Köhne1 and Maria Elena Innocenti1
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Abstract

In computational plasma physics kinetic models are used to simulate plasma phenomena where small scale physics is expected to be of importance.
These models contain the full information about the evolution of the particle velocity distribution function but are computationally expensive. Therefore,
computationally cheaper models are utilized, which can then be deployed at larger scales e. g. two fluid 5-, 10-moment models or magnetohydrodynamics
(MHD). However, the large scale behavior can be influenced by small scale processes [4]. Thus, models are required that can include kinetic processes,
in reduced form, into large scale simulations. At the moment, analytical closures are used to close the hierarchy of fluid equations, but these closures are
strictly valid only in certain regimes. Finding suitable closure equations is an ongoing research topic that gets increasingly more difficult in complex systems.
In this study, we try to improve fluid models by learning a suitable symbolic closure applying machine learning methods to data from kinetic simulations.
We aim to reconstruct governing fluid equations from kinetic simulation data using fully kinetic Particle In Cell and Vlasov simulations as the ground truth.
The approach we present here, PDE-Net, uses supervised machine learning to symbolically identify the underlying equations.

Closure Problem

Vlasov equation (collisionless):
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Methods

▶Network Architecture based on PDE-Net 2.0 [3]
▶ convolution filters corresponding to finite difference derivatives (here: up to
second order)

▶ inputs: selected quantities and their derivatives
▶with each hidden layer (here: 2 hidden layers) product of linear combinations
of inputs appended to list of inputs (I): output = (I,

∑
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▶ final layer: linear combination of list of inputs → right-hand side of PDE
▶ given the RHS, the PDE is integrated using Euler forward scheme

▶Training
▶ optimizer: BFGS (maximum number of iterations: 1000)
▶ 16 epochs → 1 batch with size 8
▶ increasing number of steps to predict per epoch starting from t = t0
(e. g. 0 → 1, 0 → 1 → 2, ...)

▶mean square error (MSE) for current batch and prediction(s)
▶ additional loss proportional to coefficient of term ∂u/∂x (see Current
Challenges)

▶ no sparsity regularization

▶ no candidate library/little previous knowledge required

Data

▶ Simulation: Vlasov 1D (muphy2 [1])
▶ Setup: Two Stream Instability
▶ dx = 0.049λD,e, dt = 0.0025ω−1

pe ; x ∈ [−4π, 4π] with 256 cells

Figure 1: Two stream instability data from 1D Vlasov simulation with sampled regions (red).
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Results

Burgers’ equation (1D)
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Figure 2: Reconstruction of 1D Burgers’ equation with a diffusion coefficient of ν = 1m2 s−1 compared with data (left) and plot of reconstructed
terms (right). The indices indicate the order of spatial derivatives, e. g. u1 := ∂u/∂x . The green boxes highlight the correct terms from theory
(left) and reconstruction (right, see also to the right).

Two Stream Instability (1D) → Electron Continuity Equation

∂tn = −0.96u∂xn − 0.83u2∂xn−0.77n∂xu − 0.76nu2 + 0.6u2

Figure 3: Comparison of predicted and true continuity equation terms at a given time.

Summary and Outlook

▶We explored PDE-Net to overcome using a candidate library as in SINDy [2].

▶ reconstructed Burgers’ equation for different viscosities

▶ reconstructed continuity equation with spurious terms and penalty on term ∂u/∂x

▶ try method on other moment and closure equation

Current Challenges

▶ finding global instead of local optimum (incorrect term ∂u/∂x)

▶ improving loss to promote correct equation identification, conservation form
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